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Problem: heavy tails defeat finite-speed BPS
Target: µ(dx) = Z−1

U e−U(x)dx on Rd . Main example (ME):

U(x) ≍ (d + r) log |x |, for r > 0 as |x | → ∞.

Bouncy Particle Sampler (BPS) with Hamiltonian H(x , v) = U(x) + |v |2/2:

Xt = X0 +

∫︂ t

0

Vs ds

Vt = V0 +

∫︂ t

0

(R∇xH(Xs ,Vs−)Vs− − Vs−)dN
b
s +

∫︂ t

0

( ˜︁Vs − Vs−)dN
r
s
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• Between events: dXt = Vt dt and
dVt = 0.

• Bounce rate:
λb(x , v) = ⟨v ,∇U(x)⟩+, bounce
map Ruv := v − 2|u|−2⟨v , u⟩u.

• Refresh rate: λr > 0 constant.˜︁Vs ∼ N (0, Id)
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• Bounce rate λb(x , v) = ⟨v ,∇U(x)⟩+.
• In (ME), |∇U(x)| → 0 as |x | → ∞ making bounce clock disappear in

tails.

• Refresh ˜︁Vs ∼ N (0, Id) = O(1). Therefore, Vt is bdd with high probability,
implying λb(x ,Vt) → 0 as |x | → ∞.

• Hence ∥Law(Xt)− µ∥TV → 0 polynomially as t → ∞ [RR23; ADW21].

Goal: increase the tail velocity scale to obtain exponential convergence, while
retaining piece-wise linear trajectories.
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Tempered Bouncy Particle Sampler

Choose smooth σ : Rd → [1,∞) and define the Hamiltonian

H(x , v) = U(x) +
|v |2

2σ2(x)
+ d log σ(x).

Xt = X0 +

∫︂ t

0

Vs ds,

Vt = V0 +

∫︂ t

0

(R∇xH(Xs ,Vs−)Vs− − Vs−)dN
b
s +

∫︂ t

0

( ˜︁Vs − Vs−)dN
r
s ,

(T-BPS)

• As in BPS, between events: dXt = Vt dt, dVt = 0.

• Bounce rate: λb(x , v) = ⟨v ,∇xH(x , v)⟩+ with jump v ↦→ R∇xH(x,v)v .

• Refresh rate λr: ˜︁V ∼ κx = N (0, σ2(x)Id) = O(σ(x)) (position-dependent
refresh distribution).

Linear flow with paths that are continuous in position and locally bounded rate
λb imply non-explosion.



Invariant law of TBPS and the role of tempering

With H(x , v) = U(x) + |v |2
2σ2(x) + d log σ(x), invariant law of TBPS is

µσ(dx ,dv) = µ(dx)κx(dv) ∝ e−H(x,v)dx dv .

• The position marginal remains exactly µ.

• Refresh at Xt = x follows ˜︁Vt ∼ κx = N (0, σ2(x)Id). Thus typical
magnitude

|Vt | ≍ σ(x) and λb(x ,Vt) ≍ σ(x)|∇U(x)|.

Hence, σ should be chosen to keep λb(x ,Vt) ≍ 1.

Tempering changes the velocity in the tails, not the position marginal
distribution µ.
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Main theorem: exponential L2-convergence

(A0) Weighted Poincaré inequality: m∥g −µ(g)∥2L2(µ) ≤
∫︁
σ2|∇g |2 dµ

(A1) Tempering bounds: |∇σ|, σ|∇2σ|F , σ|∇U|, σ2|∇2U|F ≤ M < ∞

(A2) Weighted curvature lower bound: σ2∇2U ⪰ −KId

Theorem ([MN26])
Let (Pt) be the TBPS semigroup. Under (A0)–(A2),

∥Pt f ∥2L2(µσ)
≤ 3e−νt∥f ∥2L2(µσ)

, f ∈ L20(µσ).

For K0 ≲ d3M2m−1K, the explicit rate is

ν−1 =
3

λr

[︄
4 +

(︃
2
√︁
K0 +

λr

2
√
m

)︃2
]︄
.

Recall that the BPS has polynomial decay for heavytails [ADW21; RR23].



Examples of heavy-tailed targets

Set ⟨x⟩ :=
√︁

1 + |x |2 for x ∈ Rd .

Target potential U(x) σ(x) Weighted gap

Polynomial (d + r) log⟨x⟩, ⟨x⟩ m−1 = d + r − 2 for r > d [BL09]

Sub-exponential ⟨x⟩p, 0 < p < 1 ⟨x⟩1−p m−1 = e{12d/p3 + (d + p)/p4} [Cat+10]

Exponential or thinner 1 ordinary Poincaré gap

The same σ remains valid under bounded perturbations of U. Hence
multimodality and anisotropy are allowed away from the tails.



From L2-decay to mixing time of TBPS

Mixing time tmix(ε, µ0) := inf{t ≥ 0 : χ2(µ0Pt∥µσ) < ε} for ε > 0.

For χ2(µ0∥µσ) < ∞, using Theorem[MN26]

tmix(ε, µ0) ≤ ν−1

[︃
log

3χ2(µ0∥µσ)

ε

]︃
+

.

Feasible start: logχ2(µ
(d)
0 ∥µ(d)

σ ) = O(d) (initial distribution may have

lighter tails than target, e.g. µ
(d)
0 Gaussian for µ

(d)
σ polynomial in x).

Theorem[MN26] implies:

• If m−1 = O(dℓ), then the mixing time is polynomial in dimension:

tmix(1, µ
(d)
0 ) = O(dℓ+5).

• Polynomial and stretched-exponential targets have ℓ = 1: O(d6).

• Pinsker gives the corresponding TV mixing-time bounds.

Previously O(exp(d)) mixing time has been found in [And+26] for RWM on heavytails.
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Future work: Adaptive tempering

Over-tempering: If σ too large, WPI (A0) holds but curvature
assumption (A2) does not.

Conjecture. The heuristic aim that bounce rate λb(Xt ,Vt) should be
O(1) in tails, motivates the choice

σ(x) ≍ 1 +
1

|∇U(x)|
.

• It remains to prove that this choice is admissible for a large class of
targets, and in practical scenarios where tail behaviour is anisotropic
and/or unknown.

Boundary case:

• If µ has no polynomial moments, we prove WPI (A0) fails for
every σ with bounded derivative . Hence, (A1) must be weakened to
deal with this case.
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Nonreversible dynamics related to TBPS

TBPS is a second-order lift [EL26, Def. 1]) of the Tempered Langevin
dynamics (TLD) process:

Yt = Y0+

∫︂ t

0

(︁
2σ(Ys)∇xσ(Ys)− σ2(Ys)∇xU(Ys)

)︁
ds+

√
2

∫︂ t

0

σ(Ys) dBs

Tempered Underdamped Langevin dynamics (TULD) is also a
second-order lift of TLD:

dQt = Pt dt,

dPt =

[︃
−σ2(Qt)∇xU(Qt)−

(︃
d − 2− |Pt |2

σ2(Qt)

)︃
σ(Qt)∇xσ(Qt)

]︃
dt

− λ

σ2(Qt)
Pt dt +

√
2λ dWt

TULD should be useful in practice as an algorithm:

• it has additive noise, allowing higher-order discretisations.

• if |Pt |
σ(Qt)

= O(1) as in TBPS case, drift of TULD is at most linear.
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