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Recap: Tempered Bouncy Particle Sampler

Choose smooth σ : Rd → [1,∞) and define the Hamiltonian

H(x , v) = U(x) +
|v |2

2σ2(x)
+ d log σ(x).

Xt = X0 +

∫︂ t

0

Vs ds,

Vt = V0 +

∫︂ t

0

(R∇xH(Xs ,Vs−)Vs− − Vs−)dN
b
s +

∫︂ t

0

( ˜︁Vs − Vs−)dN
r
s ,

(T-BPS)

• As in BPS, between events: dXt = Vt dt, dVt = 0.

• Bounce rate: λb(x , v) = ⟨v ,∇xH(x , v)⟩+ with jump v ↦→ R∇xH(x,v)v .

• Refresh rate λr: ˜︁V ∼ κx = N (0, σ2(x)Id) = O(σ(x)) (position-dependent
refresh distribution).



Recap: Main result

(A0) Weighted Poincaré inequality: m∥g −µ(g)∥2L2(µ) ≤
∫︁
σ2|∇g |2 dµ

(A1) Tempering bounds: |∇σ|, σ|∇2σ|F , σ|∇U|, σ2|∇2U|F ≤ M < ∞

(A2) Weighted curvature lower bound: σ2∇2U ⪰ −KId

Theorem ([MN26])
Let (Pt) be the T-BPS semigroup. Under (A0)–(A2),

∥Pt f ∥2L2(µσ)
≤ 3e−νt∥f ∥2L2(µσ)

, f ∈ L20(µσ).

For K0 ≲ d3M2m−1K, the explicit rate is

ν−1 =
3

λr

[︄
4 +

(︃
2
√︁
K0 +

λr

2
√
m

)︃2
]︄
.



Section 1

Introduction to Hypocoercivity



Introduction to Hypocoercivity (I)

Consider the overdamped Langevin dynamics (OLD) with invariant
distribution µ(dx) = Z−1

U e−U(x)dx on Rd given by the SDE:

dYt = −∇U(Yt) dt +
√
2 dWt , t ≥ 0.

• Define the corresponding semigroup (St)t≥0 by St f (y) := Ey [f (Yt)].

• Aim: To study how quickly St f → µ(f ). I.e. how quickly St f → 0
for f ∈ L20(µ) ⇐⇒ µ(f ) = 0.

• Therefore, we look at d
dt ∥St f ∥2L2(µ) for f with µ(f ) = 0.
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Introduction to Hypocoercivity (II)
• Using chain rule, for f ∈ L20(µ), we get

− d

dt
∥St f ∥2L2(µ) = 2⟨St f ,−L0St f ⟩L2(µ),

where L0 = −∇⋆∇ is the generator of the semigroup (St)t≥0 of the
Overdamped Langevin dynamics (OLD).

• Def.: L0 is coercive if there exists m > 0 such that

⟨g ,−L0g⟩L2(µ) ≥ m∥g∥2L2(µ) for all g ∈ Dom(L0) with µ(g) = 0.

• Consequence of coercivity:

d

dt
∥St f ∥2L2(µ) ≤ −2m∥St f ∥2L2(µ) =====⇒

Grönwall
∥St f ∥2L2(µ) ≤ e−2mt∥f ∥2L2(µ).

• Coercivity of L0 = −∇⋆∇ ⇔ Poincaré-inequality for µ.

∥∇f ∥2L2(µ) ≥ m∥f ∥2L2(µ) for all f differentiable with µ(f ) = 0
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Introduction to Hypocoercivity (III)

Next, consider the underdamped Langevin dynamics (ULD) with
invariant distribution ˜︁µ = µ⊗ κ (where κ is the Gaussian on Rd), given
by the following SDE on Rd × Rd .

dXt = Vt dt, dVt = −∇xU(Xt) dt − λVt dt +
√
2λ dWt .

The semigroup of the above has the generator

˜︁L = v · ∇x −∇U · ∇v⏞ ⏟⏟ ⏞
Ltr (transport part)

+λ (−∇⋆
v∇v )⏞ ⏟⏟ ⏞

Lv (OU part)

This is non-coercive:

⟨g ,− ˜︁Lg⟩L2(˜︁µ) = ⟨g ,−Ltrg⟩L2(˜︁µ)⏞ ⏟⏟ ⏞
=0 as L⋆

tr=−Ltr.

+λ⟨g ,−Lvg⟩L2(˜︁µ) = λ∥∇vg∥2L2(˜︁µ).

and ∥∇vg∥2L2(˜︁µ) ≱ m∥g∥2L2(˜︁µ) for any m > 0 and g independent of v
variable.
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Introduction to Hypocoercivity (IV)

Hypocoercivity: ˜︁L may be coercive in a Lyapunov functional V that is
equivalent to ∥ · ∥2L2(˜︁µ). I.e., we want

1 Equivalence: c∥f ∥2L2(˜︁µ) ≤ V(f ) ≤ C∥f ∥2L2(˜︁µ).
2 Coercivity in V: Define functional E by − d

dtV(Pt f ) =: E(Pt f ). If
there exists ν > 0 such that

E(f ) ≥ νV(f ) for all f with ˜︁µ(f ) = 0.

Using Grönwall, 2 implies V(Pt f ) ≤ e−νtV(f ). Using 1 , this gives

∥Pt f ∥2L2(˜︁µ) ≤
(︃
C

c

)︃
e−νt∥f ∥2L2(˜︁µ).

Note that the constant C/c > 1.



Introduction to Hypocoercivity (V)
For the ULD generator ˜︁L, the Lyapunov function needed for
hypocoercivity is of the following form [DMS10; FLL26]:

V(f ) := 1

2
∥f ∥2L2(˜︁µ)−δ⟨f , (m − L0)

−1ΠL⋆
tr⏞ ⏟⏟ ⏞

A

f ⟩L2(˜︁µ) for δ > 0 sufficiently small

and the velocity-averaging operator Πf (x) = κx(f (x , ·)).
Since E(Pt f ) := − d

dtV(Pt f ), we have

E(f ) = ⟨f ,− ˜︁Lf ⟩L2(˜︁µ)+δ⟨f ,A ˜︁Lf ⟩L2(˜︁µ)+δ⟨ ˜︁Lf ,Af ⟩L2(˜︁µ) for f ∈ Dom( ˜︁L).

Ingredients for coercivity of ˜︁L in V:

• The ULD generator ˜︁L has to be the second-order lift [Ebe+25,
Def. 1] of the OLD generator L0:

⟨ ˜︁Lh, ˜︁Lg⟩L2(˜︁µ) = ⟨h,−L0g⟩L2(µ), ⟨h, ˜︁Lg⟩L2(˜︁µ) = 0 for h, g ∈ Dom(L0).

• L0 has to be coercive.

This gives exponential decay rates for the ULD semigroup (e.g. [FLL26]).
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Section 2

Hypocoercivity of TBPS



Generator of T-BPS

Define the operators

Ltrf (x , v) = ⟨v ,∇x f (x , v)⟩+ ⟨v ,∇xH(x , v)⟩+(f (x ,R∇xH(x,v)v)− f (x , v)),

Lv = Π− I ,

with the velocity-averaging operator Πf (x , v) :=
∫︁
Rd f (x ,w)κx(dw).

Let (L,Dom(L)) denote the generator of (Pt)t≥0.

Theorem
(I) µσ is an invariant distribution for (Pt)t∈R+ .
(II) For f ∈ C 1

c (Rd × Rd) ⊆ Dom(L), Lf = Ltrf + λrLvf .
(III) C 1

c (Rd × Rd) is a core for the generator (L,Dom(L)).



Hypocoercivity for T-BPS
The generator of the T-BPS also lacks coercivity: ⟨g ,−Lg⟩L2(µσ) = 0 for
g independent of the v variable.

Hence, we build a similar hypocoercivity framework for the T-BPS:

• The T-BPS generator L is a second-order lift of the Tempered
Langevin dynamics (TLD) generator Lσ = −∇⋆σ2∇.

TLD process:

dYt =
(︁
2σ(Yt)∇σ(Yt)− σ2(Yt)∇U(Yt)

)︁
ds +

√
2σ(Yt) dBs

• Coercivity of TLD generator Lσ: want existence of m > 0 such that

⟨g ,−Lσg⟩L2(µ) ≥ m∥g∥2L2(µ) for all g ∈ Dom(Lσ) with µ(g) = 0

⇔
∫︂

σ2|∇g |2dµ ≥ m∥g∥2L2(µ) The weighted Poincaré inequality!

• We propose the Lyapunov functional

Vδ(f ) :=
1

2
∥f ∥2L2(µσ)

− δ⟨f , (m − Lσ)
−1ΠL⋆

trf ⟩L2(µσ) for δ > 0.
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• We propose the Lyapunov functional

Vδ(f ) :=
1

2
∥f ∥2L2(µσ)

− δ⟨f , (m − Lσ)
−1ΠL⋆

trf ⟩L2(µσ) for δ > 0.



Hypocoercivity for T-BPS
The generator of the T-BPS also lacks coercivity: ⟨g ,−Lg⟩L2(µσ) = 0 for
g independent of the v variable.

Hence, we build a similar hypocoercivity framework for the T-BPS:

• The T-BPS generator L is a second-order lift of the Tempered
Langevin dynamics (TLD) generator Lσ = −∇⋆σ2∇.

TLD process:

dYt =
(︁
2σ(Yt)∇σ(Yt)− σ2(Yt)∇U(Yt)

)︁
ds +

√
2σ(Yt) dBs

• Coercivity of TLD generator Lσ: want existence of m > 0 such that

⟨g ,−Lσg⟩L2(µ) ≥ m∥g∥2L2(µ) for all g ∈ Dom(Lσ) with µ(g) = 0

⇔
∫︂

σ2|∇g |2dµ ≥ m∥g∥2L2(µ) The weighted Poincaré inequality!
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Coercivity in Vδ and Hypocoercivity

Let Eδ be a functional such that − d
dtVδ(Pt f ) = Eδ(Pt f ).

Lemma
Let Assumptions (A0)–(A2) hold. For δ sufficiently small,

1 ∃ν > 0 such that Eδ(f ) ≥ νVδ(f ) for all f ∈ Dom(L) with
µσ(f ) = 0.

2 ∃c,C > 0 such that

c∥f ∥2L2(µσ)
≤ Vδ(f ) ≤ C∥f ∥2L2(µσ)

for all f ∈ L2(µσ).

Using Grönwall on 1 , we have Vδ(Pt f ) ≤ e−νtVδ(f ).

Using 2 , this gives the required result:

∥Pt f ∥2L2(µσ)
≤ (C/c)e−νt∥f ∥2L2(µσ)

.
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