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Objective: estimate 7(g) = 54 g(x)7(x)dx for g : RY — R € L(m)

This problem appears in practical applications [Gel+08; GLM18]
including logistic regression with t-distribution or Cauchy priors.

Run Sampling algorithm X = (X,)nen (i.e. Markov chain with invariant
law 7):
N
. 1
estimator  Sy(g) = N Zg(Xk) — m(g) converges a.s. as N 1 0.
k=1
What is the confidence interval for Sy(g) when g € L2(7)?

How fast does the law of X, converge to m as n — co?
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CLT for Sy(g) fails in (a) and (b), making sampling from heavy-tailed
targets notoriously difficult ...
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Empirical evidence for the failure of the CLT dates back to [FMO03].
However, necessary conditions for CLT of Sy(g) are largely unavailable.
This talk presents a novel approach: it provides characterisation of CLT,
enabling algorithm comparison and guiding algorithm_selection.



Known results

Sufficient conditions for CLT and upper bounds on convergence rates are
well-known [KV86; MT93; DGMO08; Dou+04; Dou+18].

CLTs, the corresponding asymptotic variance and ergodicity remains
extensively studied [Dou+25; OM24; DL18].
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Sufficient conditions for CLT and Upper bounds: summary

Let X be irreducible Markov chain (sampling algorithm) with transition
kernel P on a locally compact space X' (in our applications X = R?).

Let V : X — [1,00) continuous, ¢ : [1,00) — [1,00) increasing, concave,
A € B(X) small (compact) set and b € R, such that

PV -V < —¢poV, onthe complement of some compact set.

By [Dou+18; Dou+04; Jon04; DGMO08; MT93]:

(a) |Px(Xn € ) = ()lrv < ¢CHV_<1(>), where Hy(u) = [}’ 4

(b) If (V- po V) <ooand |g| <¢oV then o7 < oo such that

N
VN(Sn(g)—7 lN > (el ) -5 N(0,02), as N — oo.

How about the necessary conditions and lower bounds?
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V:X = [1,00) cts, limsup,_, V(X,) = o0 and b, ¢, € [0,00)
(i) continuous, r(1/r) L 0 as r 1 co and

P(1/V)(x) —1/V(x) < o(1/V)(x) for |x| large
(ii) For W : [1,00) — [1,00) submultip., any £ > £y, 3C; > 0 s.t.
P (T < Swy) = C/V(r) forall £+ 1< V(x) < r < oo where

T =inf{n e N: V(X,) > r} & Sy =inf{n e N: V(X,) < {}

.

Intuition: e W quantifies the tendency for X to explore the tails:

e in practice (ii) implied by drift cond P(W o V)(x) > Wo V(x) for |x| big
e o quantifies the stickiness of X in the tail and duration of its return



Necessary conditions for the CLT of an ergodic average
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Necessary conditions for the CLT of an ergodic average

Theorem
Let L(V, o, W) hold and recall Sn(g) = Ztl g(Xk)/N. For
h: Ry — R, non-decreasing at infinity and any q € (0,1), define

1 h(r) , ~
(r)=q(l —a)—775 an € [1, 00),

© Let G, 71 be the inverse of Gy, on a neighbourhood of infinity.
If g € L?(n) satisfies g > ho V and 3q € (0,1) such that

t 1/ (G VD/(1- ) ¢ Lhe(oo), (1)

then the CLT fails for the ergodic average S,(g).

@® If (1) holds for h =1, then the CLT fails for ergodic
average S,(g) for any bounded function g : X — R.
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Theorem
Let L(V, o, W) hold. For any q € (0,1), define

La(r) = ro(1/r)W(r/(1 = q)*)D(r), r€[L,00),

where D : [1,00) — R tends to infinity arbitrarily slowly.?
Then there exists a constant cq € (0,1) such that

cq/Lg(r) <m({V >r}) for all r € [1,00).

?E.g., D(r) =logo...olog(r)

Remarks e Comparison of the invariant law of a biased sampler (e.g.,
ULA) with target law requires lower bound on the tail of its invariant law.
e Proof controls modulated moments: for x € X and non-decreasing h,

qume(X, {V > Y4 + m})
V(G (r)/(1—q)?)

Zho X)=>r| >

Vr e (Gy(£+ m),

00).



Lower bounds on LP-Wasserstein metric and f-variation

~

~

Theorem

Let L(V, ¢, W) hold and f, : [1,00) — (0,00) smooth. Let a cts

h:[1,00) = [1,00) satisfy: h(r)/f.(r) T oo as r 1 oo and

Jv: X x N — [1,00) increasing in the second argument such that
P"(ho V)(x) < v(x,n) forall x € X and n € N.

For g := h/f,, assume ag(r) < f.(g7(r))cq/Lqa(g 7 (r)) (Vr 2 1)
and Ag(r) == rag(r) 1 0o as r T co. Then Vx € X we have:
@ f-variation (with f =f, 0o V):

1 — n
§(agoAglo(2v))(x, n) < ||P"(x,-) — «||f Vn e N\ {0}
@® LP-Wasserstein (p > 1): for X metric & V' Ly-Lipschitz,

o7 (30A7 "o(2PV)(x, ) ? < W,(P"(x, ), m) ¥ € N\{0}
\




Unadjusted Langevin Algorithm (ULA)

Let 7 € C2(R9). The Euler discretisation of Langevin diffusion
dY, = Vlog n(Y;)dt + V2dB,
(B is d-dimensional Brownian motion and V gradient) is ULA chain X():

X8 = X" 4 bV log w(X\") + V2hZisr, for k €N,

where (Zx)ken is an i.i.d. sequence with Z, ~ N(0, Id).
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Let 7 € C2(R9). The Euler discretisation of Langevin diffusion
dY, = Vlog n(Y;)dt + V2dB,

(B is d-dimensional Brownian motion and V gradient) is ULA chain X():

X8 = X" 4 bV log w(X\") + V2hZisr, for k €N,

where (Zx)ken is an i.i.d. sequence with Z, ~ N(0, Id).

Advantage of ULA over MALA: process moves at every time step,
allowing for rapid exploration of the state space.

Drawback: if X(" is ergodic, then invariant distribution 7, # 7
(discretisation introduces bias!)

The L-drift conditions L(V, >, W) for ULA chain X" targeting
(|- | > r) = r=v (for some v € (0,00)) hold with:

V(x) = x|, o(1/r) = 1/r3 and V(r) = pv2te

Note 1/7(- > r) = rio(1/r)W(r). Not a coincidence!!
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Theorem ,
ULA chain X0 with invariant law 7, & S,(g) = 230 _, g(X,E ))
©® [CLT-necessary condition] Fix measurable g : RY — R.
(1a) g(x) > |x|® (all |x| large) for some 2s € (0, v): if
2s € (v — 1, v), asymptotic variance for S,(g) is infinite.
(Ib) g bounded: if v < 2, asymptotic var. for S,(g) infinite.
@ [Lower bounds] Fix x € RY. For p >0, let f,(y) =1V |y|P.

(l1a) For any p € [0, v) and every € > 0, 3¢, € (0, 00) such that
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@® For any e > 0, there exist ¢, C € (0,00) satisfying
cr T E < (|- | >r) < CrVte, forallr € [1,00).

For any h > 0, tail decays of 7y, and target m match/
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Target measure 7(x) =~ (1 + |x|)~(¢*Y) for |x| large and some v > 0
Consider an estimator Sy(14) for tail probability w(A).
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QQ-plot (d = 1) for ULA suggests infinite asymptotic variance (g = 14)



Heavy-tailed ULA: a large family of potential algorithms
Fix h > 0 and cts. vector field b: RY — R? and let chain X evolve as:
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Heavy-tailed ULA: a large family of potential algorithms

Fix h > 0 and cts. vector field b: RY — R? and let chain X evolve as:

h)

X1 = Xi + hb(Xe) + 2",

for k € N, (2)

where (Z,Eh))keN IID in R? with zero mean and density p, » satisfying

ra/ Pa,n(X)dx %> 0, forsome « € (1,2), (3)
{IxI>r}
hl0 d

and p,,, — Delta measure at 0 € R€.
Important Example: a drift b, : RY — R? (in terms of 71!) makes Y,
dY; = by(Yy)dt+dL;, where L is an isotropic a-stable Lévy process in RY,
exponentially ergodic see e.g. [HMW?21]. Euler scheme

Xii1 = Xi + hb(Xe) + W Ziyq,  for k € N, with p, , = h*/%q,

satisfies (2)-(3), where g, is an a-stable density on RY.



Heavy-tailed ULA chain: Xi1 = Xy + hb(X) + Z\",

Theorem
Let Z,Eh) ~ Pa,p and re f{IX\>r} Pa,n(Xx)dx 1% e>0 (for
1 < a < 2). For any cts. vector field b: RY — R?, we have:

If drift b is unbounded, Lipschitz and inward pointing, assumption in
Part (1) holds (e.g. Lévy-driven OU process, arising in queueing [APS19])



Heavy-tailed ULA chain: Xi1 = Xy + hb(X) + Z\",

Theorem
Let Z,Eh) ~ Pa,p and re f{IX\>r} Pa,n(Xx)dx 1% e>0 (for
1 < a < 2). For any cts. vector field b: RY — R?, we have:

©® Assume |b(x)| < C(|x| + 1) Vx € RY and constant C > 0. If
X has invariant distrib. 7y, then Ve > 0 3C; j € (0,00) s.t.

(|| >r) > Copr ¢ for all r € [1, 00).

If drift b is unbounded, Lipschitz and inward pointing, assumption in
Part (1) holds (e.g. Lévy-driven OU process, arising in queueing [APS19])



Heavy-tailed ULA chain: Xi1 = Xy + hb(X) + Z\",

Theorem
Let Z,Eh) ~ Pa,p and re f{IX\>r} Pa,n(Xx)dx 1% e>0 (for
1 < a < 2). For any cts. vector field b: RY — R?, we have:

©® Assume |b(x)| < C(|x| + 1) Vx € RY and constant C > 0. If
X has invariant distrib. 7y, then Ve > 0 3C; j € (0,00) s.t.

(|| >r) > Copr ¢ for all r € [1, 00).

@ Ifliminf o |b(x)|/|x| = oo, then chain X is transient:

P, ( lim |Xk| = oo> =1 forallx € RY.
k—ro0




Heavy-tailed ULA chain: Xi1 = Xy + hb(X) + Z\",

Theorem
Let Z,Eh) ~ Pa,p and re f{IX\>r} Pa,n(Xx)dx 1% e>0 (for
1 < a < 2). For any cts. vector field b: RY — R?, we have:

©® Assume |b(x)| < C(|x| + 1) Vx € RY and constant C > 0. If
X has invariant distrib. 7y, then Ve > 0 3C; j € (0,00) s.t.

([ >r) > Copr ¢ for all r € [1,00).

@ Ifliminf o |b(x)|/|x| = oo, then chain X is transient:

P, ( lim |Xk| = oo> =1 forallx € RY.
k—ro0

If drift b is unbounded, Lipschitz and inward pointing, assumption in
Part (1) holds (e.g. Lévy-driven OU process, arising in queueing [APS19])



Heavy-tailed ULA chain: Xi1 = Xy + hb(X) + Z\",

Proof of Part (1): L-drift condition L(V, ¢, W) holds with
V(x) = log(|x| Ve), W(r) = exp(ar) and »(1/r) o< 1/r?.



Heavy-tailed ULA chain: Xi:1 = Xy + hb(X¢) + Z\"),
Proof of Part (1): L-drift condition L(V, o, W) holds with
V(x) = log(|x| Ve), V(r) = exp(ar) and »(1/r) < 1/r2.

Proof of Part (2): show 1/V/(X) is a supermartingale and transience
follows by standard arguments [MT93].



Heavy-tailed ULA chain: Xi:1 = Xy + hb(X¢) + Z\"),
Proof of Part (1): L-drift condition L(V, ¢, W) holds with
V(x) = log(|x| Ve), V(r) = exp(ar) and »(1/r) < 1/r2.

Proof of Part (2): show 1/V/(X) is a supermartingale and transience
follows by standard arguments [MT93].

Continuous time. Langevin diffusion with Lévy noise and appropriate
drift: exponential ergodicity to heavy-tailed measure [HMW?21; ZZ23].



Heavy-tailed ULA chain: Xi1 = Xy + hb(X) + Z\",

Proof of Part (1): L-drift condition L(V, ¢, W) holds with
V(x) = log(|x| Ve), W(r) = exp(ar) and »(1/r) o< 1/r?.

Proof of Part (2): show 1/V/(X) is a supermartingale and transience
follows by standard arguments [MT93].

Continuous time. Langevin diffusion with Lévy noise and appropriate
drift: exponential ergodicity to heavy-tailed measure [HMW?21; ZZ723].
By [HMW21, Thm 1.1], isotropic a-stable driven SDE converges
exponentially fast to 7 with « € (1,2) moments.



Heavy-tailed ULA chain: Xi1 = Xy + hb(X) + Z\",

Proof of Part (1): L-drift condition L(V, ¢, W) holds with
V(x) = log(|x| Ve), W(r) = exp(ar) and »(1/r) o< 1/r?.

Proof of Part (2): show 1/V/(X) is a supermartingale and transience
follows by standard arguments [MT93].

Continuous time. Langevin diffusion with Lévy noise and appropriate
drift: exponential ergodicity to heavy-tailed measure [HMW?21; ZZ723].
By [HMW21, Thm 1.1], isotropic a-stable driven SDE converges
exponentially fast to 7 with « € (1,2) moments.

Euler scheme for Lévy-driven SDE cannot work for 7(|x|?) < oo!
Chain X is either convergent to 7, without a finite (o + £)-moment (X
in W-fast -slow regime) or is a transient (no convergence).



Heavy-tailed ULA chain: Xi1 = Xy + hb(X) + Z\",

Proof of Part (1): L-drift condition L(V, ¢, W) holds with
V(x) = log(|x| Ve), W(r) = exp(ar) and »(1/r) o< 1/r?.

Proof of Part (2): show 1/V/(X) is a supermartingale and transience
follows by standard arguments [MT93].

Continuous time. Langevin diffusion with Lévy noise and appropriate
drift: exponential ergodicity to heavy-tailed measure [HMW?21; ZZ723].
By [HMW21, Thm 1.1], isotropic a-stable driven SDE converges
exponentially fast to 7 with « € (1,2) moments.

Euler scheme for Lévy-driven SDE cannot work for 7(|x|?) < oo!
Chain X is either convergent to 7, without a finite (o + £)-moment (X
in W-fast -slow regime) or is a transient (no convergence).

This is a heavy-tailed analogue of famous example [RT96, Thm 3.2]:
Euler scheme for Langevin diffusion targeting = with tails lighter than
Gaussian is necessarily transient.



Heavy-tailed ULA chain: Xi1 = Xy + hb(X) + Z\",
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Proof of Part (2): show 1/V/(X) is a supermartingale and transience
follows by standard arguments [MT93].

Continuous time. Langevin diffusion with Lévy noise and appropriate
drift: exponential ergodicity to heavy-tailed measure [HMW?21; ZZ723].
By [HMW21, Thm 1.1], isotropic a-stable driven SDE converges
exponentially fast to 7 with « € (1,2) moments.

Euler scheme for Lévy-driven SDE cannot work for 7(|x|?) < oo!
Chain X is either convergent to 7, without a finite (o + £)-moment (X
in W-fast -slow regime) or is a transient (no convergence).

This is a heavy-tailed analogue of famous example [RT96, Thm 3.2]:
Euler scheme for Langevin diffusion targeting = with tails lighter than
Gaussian is necessarily transient.

New tamed schemes with heavy-tailed increments are needed to preserve
exponential ergodicity of the underlying continuous-time dynamics!



We now apply our theory to the following families of MCMC algorithms:
((SIM-ALG)) RWM with finite (fv-RWM) and infinite (iv-RWM)

variance proposals, MALA, Unadjusted Langevin algorithm (ULA) and
the Stereographic Projection Sampler (SPS).

See Part 1l of the presentation
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