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Motivation: Sampling from heavy-tailed targets on Rd

Let π(x) ≈ (1 + |x |)−(d+v) for large |x | and some v ∈ (0,∞)

Objective: estimate π(g) =
∫
Rd g(x)π(x)dx for g : Rd → R ∈ L1(π)

This problem appears in practical applications [Gel+08; GLM18]
including logistic regression with t-distribution or Cauchy priors.

Run sampling algorithm X = (Xn)n∈N (i.e. Markov chain with invariant
law π):

estimator SN(g) =
1

N

N∑
k=1

g(Xk) −→ π(g) converges a.s. as N ↑ ∞.

What is the confidence interval for SN(g) when g ∈ L2(π)?

How fast does X converge to π?



L-drift condition L(V, φ,Ψ)

V : X → [1,∞) cts, lim supn→∞ V (Xn) = ∞ and b, ℓ0 ∈ [0,∞)

(i) φ : (0, 1] → R+ continuous, rφ(1/r) ↓ 0 as r ↑ ∞ and

P(1/V )(x) − 1/V (x) ≤ φ(1/V )(x) for |x | large

(ii) For Ψ : [1,∞) → [1,∞) submultip., any ℓ > ℓ0, ∃Cℓ > 0 s.t.

Px(T (r) < S(ℓ)) ≥ Cℓ/Ψ(r) for all ℓ + 1 < V (x) < r < ∞ where

T (r) := inf{n ∈ N : V (Xn) > r} & S(ℓ) := inf{n ∈ N : V (Xn) < ℓ}

Intuition: • Ψ quantifies the tendency for X to explore the tails:

• in practice (ii) implied by drift cond P(Ψ ◦V )(x) ≥ Ψ ◦V (x) for |x | big
• φ quantifies the stickiness of X in the tail and duration of its return



Applications to (SIM-ALG) samplers

We can now apply our theory to the following families of algorithms:

((SIM-ALG)) RWM with finite (fv-RWM) and infinite (iv-RWM)
variance proposals, MALA, Unadjusted Langevin algorithm (ULA) and
the Stereographic Projection Sampler (SPS).

We also apply our theory to the independence sampler (IS) in order to
compare IS to the samplers in (SIM-ALG).



Markov chain X with a given target π

Kernel Q(x , dy) = q(x , y)dy proposes move for X from state x , accepted
with probability

α(x , y) =

{
min{π(y)q(y ,x)

π(x)q(x,y) , 1}, if π(x)q(x , y) > 0,

1, if π(x)q(x , y) = 0.

Markov transition kernel P for X is

P(x , dy) = p(x , y)dy + r(x)δx(dy),

where δx is a Dirac delta at x and

p(x , y) :=

{
α(x , y)q(x , y), x ̸= y ,

0, x = y ,
& r(x) :=

∫
Rd

(1−α(x , y))q(x , y)dy .

Assume from now on that density π is proportional to

x 7→ ℓ(|x |)/|x |v+d , for all large |x | and some v ∈ (0,∞),

where ℓ : R+ → R+ satisfies 0 < limr→∞ℓ(r) ≤ limr→∞ℓ(r) < ∞.
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Random-Walk Metropolis proposals with finite variance

Target measure π(x) ≈ (1 + |x |)−(d+v) for v ∈ (0,∞).
Law π has v -moments:

π(| · | > r) ≈ r−v as r → ∞

fv-RWM chain at Xn = x ∈ Rd proposes Y ∼ Q(x , ·) = x + N(0, hIdd).

The move x → Y is accepted with probability α(x ,Y ) = min
{

π(Y )
π(x) , 1

}
.

For fv-RWM chain X targeting π, the L(V, φ,Ψ) conditions hold:

V (x) = |x |, φ(1/r) = 1/r3 and Ψ(r) = r v+2+ε.
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fv-RWM chain X targeting π(x) ≈ (1 + |x |)−(d+v)

L(V, φ,Ψ)-drift condition holds:

V (x) = |x |, φ(1/r) = 1/r3 and Ψ(r) = r v+2+ε.

Theorem (fv-RWM)
1 [CLT-necessary condition] Fix measurable g : Rd → R.

(Ia) Let g(x) ≥ |x |s for some 2s ∈ (0, v) and all |x | sufficiently
large. If 2s ∈ (v − 2, v), then the CLT for Sn(g) fails.

(Ib) For bounded g, if v < 2, then CLT for Sn(g) fails.

2 [Lower bounds] Fix x ∈ Rd . For p ≥ 0, let fp(y) = 1 ∨ |y |p.
(IIa) For any p ∈ [0, v) and every ε > 0, ∃cp ∈ (0,∞) such that

cpn
− v−p

2
−ε ≤ ∥Pn(x , ·)− π∥fp for all n ∈ N \ {0}.

(IIb) For any p ∈ [1, v) and every ε > 0, ∃cW,p ∈ (0,∞) such that

cW,pn
− v−p

2p
−ε ≤ Wp(P

n(x , ·), π) for all n ∈ N \ {0}.
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Simulations: fv-RWM with Gaussian proposals

Target measure π(x) ≈ (1 + |x |)−(d+v) for large |x | and some v > 0
Consider an estimator SN(| · |) for

∫
Rd |x |π(dx)

By above result the CLT for SN(| · |) fails if v − 2 < 2 · 1 < 3
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Random-Walk Metropolis proposals with infinite variance

Target measure π(x) ≈ (1 + |x |)−(d+v) for v ∈ (0,∞).

iv-RWM chain X at state x ∈ Rd proposes y ∼ Q(x , ·) = x + ht(η),
where t-distribution t(η) with η ∈ (0, 2) degrees of freedom has density
proportional to

x 7→ (1 + |x |2/η)−(d+η)/2

For chain X targeting π the L(V, φ,Ψ) hold with:

V (x) = |x |, φ(1/r) = 1/r1+η and Ψ(r) = r v+η+ε
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For RWM chain X targeting π(x) ≈ (1 + |x |)−(d+v), the L(V, φ,Ψ) hold:
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For RWM chain X targeting π(x) ≈ (1 + |x |)−(d+v), the L(V, φ,Ψ) hold:
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How do heavy-tailed proposals improve performance?

Target measure π(x) ≈ (1 + |x |)−(d+v) for some v ∈ (0,∞). Hence

α(x , y) = min

{
1,

π(y)

π(x)

}
≈ min

{
1,

(
|x |
|y |

)d+v
}

Proposals:
Finite variance fv-RWM: φ(1/r) = 1/r3, Ψ(r) = r v+2+ε

t(η)-distribution (η ∈ (0, 2)) iv-RWM: φ(1/r) = 1/r1+η, Ψ(r) = r v+η+ε.

Tendency to explore tails (Ψ): improvement depends on tail-decay
exponent v of π due to Metropolis step.

Duration of returns (φ): substantial improvement because all large
jumps “towards the origin” are accepted
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fv-RWM (Gaussian proposal) and iv-RWM
(t(η)-distribution proposal) in dimension d = 20

(a) Finite variance proposals: φ(1/r) = 1/r3 and Ψ(r) = r v+2+ε

(b) t-distribution t(η) proposals: φ(1/r) = 1/r1+η and Ψ(r) = r v+η+ε.

(a) v < 2 : CLT fails (b) v > η : CLT holds

Figure: QQ-plots of 5 · 104 ergodic averages Sn(g) for v = 1 and the function
g(x) = 1{|x | ≥ 5} after n = 108 steps. In (b), η = 0.05 < 2



Metropolis adjusted Langevin algorithm (MALA)

Proposal is a discretisation of a Langevin diffusion

dYt = ∇ log(π)(Yt)dt +
√

2dWt

with invariant measure π.

For step-size discretisation h > 0, the proposal
transition kernel is given by:

Qh(x , ·) := N(x + h∇ log π(x), 2hId), x ∈ Rd .

The MALA chain X has a Metropolis kernel P with proposal Qh.

For chain X targeting π(x) ≈ (1 + |x |)−(d+v) for large |x | and some
v > 0, the L(V, φ,Ψ) hold with:

V (x) = |x |, φ(1/r) = 1/r3 and Ψ(r) = r v+2+ε.

MALA L-drift conditions L(V, φ,Ψ) satisfied with the same V , φ,Ψ as
both fv-RWM and ULA, implying the same conclusions.
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MALA chain X targeting π(x) ≈ (1 + |x |)−(d+v), |x | large
The L-drift conditions L(V, φ,Ψ) hold with:

V (x) = |x |, φ(1/r) = 1/r3 and Ψ(r) = r v+2+ε.

Theorem (MALA)
1 [CLT-necessary condition] Fix measurable g : Rd → R.

(Ia) Let g(x) ≥ |x |s for some 2s ∈ (0, v) and all |x | sufficiently
large. If 2s ∈ (v − 2, v), then the CLT for Sn(g) fails.

(Ib) For bounded g, if v < 2, then CLT for Sn(g) fails.

2 [Lower bounds] Fix x ∈ Rd . For p ≥ 0, let fp(y) = 1 ∨ |y |p.
(IIa) For any p ∈ [0, v) and every ε > 0, ∃cp ∈ (0,∞) such that

cpn
− v−p

2
−ε ≤ ∥Pn(x , ·)− π∥fp for all n ∈ N \ {0}.

(IIb) For any p ∈ [1, v) and every ε > 0, ∃cW,p ∈ (0,∞) such that

cW,pn
− v−p

2p
−ε ≤ Wp(P

n(x , ·), π) for all n ∈ N \ {0}.
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MALA simulations

Target measure π(x) ≈ (1 + |x |)−(d+v) for |x | large and some v > 0
Consider an estimator SN(|x |) for first abs. moment π(|x |).

By above result the CLT for SN(|x |) fails if v − 2 < 2

QQ-plots for MALA and RWM with Gaussian proposals. Gradient-based
proposals do not help with CLTs.
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Comparison of ULA and MALA

(a) ULA (b) MALA

Figure: QQ-plots of 104 ergodic averages Sn(g) for the function g(x) = |x |
after n = 5 · 107 steps of the ULA chain (resp. MALA chain) targeting the
t-distribution. The QQ-plots in panels (3a) and (3b) show that the CLTs fail,
which agrees our results since v − 2 = 1 < 2 = 2s.



Stereographic Projection Sampler (SPS)
Let Sd := {(y, z) ∈ Rd × R : |y|2 + z2 = 1} be the unit sphere in Rd+1.
A stereographic projection is a bijection SP : Sd \ {(0, 1)} → Rd given by

SP(y, z) =
1

1 − z
y = x ∈ Rd with Jacobian JSP(x) ∝ (1 + |x |2)d .

Moreover, the inverse SP−1 : Rd → Sd−1 \ {(0, 1)} is given by

y =
2

|x |2 + 1
x & z =

|x |2 − 1

|x |2 + 1
.

(a) [Y LR24, Fig. 2] (b) [Y LR24, Fig. 3]
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Stereographic Projection Sampler (SPS) [Y LR24]

Algorithm: SPS

Input Current state be Xn = x ∈ Rd

• Set z := SP−1(x)

• Sample independently z̃ ∼ N(0, h2Idd+1)

• Set z′ := z̃− ⟨z, z̃⟩z and ẑ :=
z + z′

|z + z′|
• The proposal X̂ := SP(ẑ)

Output Set Xn+1 = X̂ with probability 1 ∧ π(X̂ )(1+|X̂ |2)d

π(x)(1+|x|2)d
;

Otherwise, set Xn+1 = x

Remark. If
sup
x∈Rd

π(x)(|x |2 + 1)d < ∞,

then SPS is uniformly ergodic [Y LR24] and ergodic estimator for any
function in L2(π) satisfies a CLT
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Input Current state be Xn = x ∈ Rd

• Set z := SP−1(x)

• Sample independently z̃ ∼ N(0, h2Idd+1)

• Set z′ := z̃− ⟨z, z̃⟩z and ẑ :=
z + z′

|z + z′|
• The proposal X̂ := SP(ẑ)
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π(x)(1+|x|2)d
;

Otherwise, set Xn+1 = x

Remark. If
sup
x∈Rd

π(x)(|x |2 + 1)d < ∞,

then SPS is uniformly ergodic [Y LR24] and ergodic estimator for any
function in L2(π) satisfies a CLT



SPS algorithm in the heavy tailed regime: 0 < v < d

Recall π(x) ∝ ℓ(|x|)
|x|v+d (with 0 < limr→∞ℓ(r) ≤ limr→∞ℓ(r) < ∞)

Under 0 < v < d , we have

sup
x∈Rd

π(x)(|x |2 + 1)d = ∞.

Upper bounds and sufficient conditions: apply [DGM08] with

PV − V ≤ −ϕ ◦ V outside of a compact

for concave ϕ(r) = r1−(d−v)/(2γ) and V (x) = |x |2γ (with γ ↑ d/2).

The L(V, φ,Ψ) hold with:

V (x) = |x |2γ , φ(1/r) = 1/r (d−v)/2γ and Ψ(r) = rd/2γ (with 0 < γ ≪ 1)
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SPS chain X targeting π(x) ≈ (1 + |x |)−(d+v) for |x | large
L(V, φ,Ψ) hold with: V (x) = |x |2γ , φ(1/r) = 1/r (d−v)/2γ , Ψ(r) = rd/2γ

Theorem
Assume v ∈ (0, d). Then SPS chain X satisfies:

1 [CLT-characterisation] Fix a measurable g : Rd → R.
(Ia) Let g(x) = |x |s for some 2s ∈ (0, v) and all |x | sufficiently

large. Then the CLT holds for Sn(g) if 2s ∈ (0, v − d/2)
and fails if 2s ∈ (v − d/2, v).

(Ib) If g bounded, CLT holds for Sn(g) if v > d/2 and fails if
v < d/2.

2 [Matching bounds] Fix x ∈ Rd . Set fp(y) = 1 ∨ |y |p.
(IIa) For any p ∈ [0, v) and ε > 0, ∃cp,Cp ∈ (0,∞) such that

cpn
− v−p

d−v
−ε ≤ ∥Pn(x , ·)− π∥fp ≤ Cpn

− v−p
d−v

+ε ∀n ∈ N.

(IIb) For p ∈ [1, v) and ε > 0, ∃cW,p,CW,p ∈ (0,∞) such that

cW,pn
− v−p

p(d−v)
−ε ≤ Wp(P

n(x , ·), π) ≤ CW,pn
− v−p

p(d−v)
+ε ∀n ∈ N.
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SPS chain X targeting π(x) ≈ (1 + |x |)−(d+v)

SPS exhibits one-jump phenomenon in Ψ-tail exploration:

Px(T (r) < S(ℓ)) ≈ P(x , {V ≥ r}) as r → ∞.

fv-RWM & iv-RWM, MALA and ULA all exhibit many-jumps
phenomenon in Ψ-tail exploration.

For targets π with finite d moments (i.e. v > d ), SPS is the optimal
choice: exponential convergence & CLTs hold for all g ∈ L2(π).

For heavy-tailed targets π with infinite d-th moment (i.e. 0 < v < d ),
iv-RWM(η) with η ∈ (0,min{2, d − v}) outperforms SPS.

SPS exhibits fast-Ψ slow-φ behaviour as Metropolis correction rejects
jumps “towards the origin”. In contrast, iv-RWM(η) is slow-Ψ & fast-φ.
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Success and failure of SPS

(a) (b)

Figure: QQ-plots of 5 · 103 ergodic averages Sn(g) for the function
g(x) = 1[2,∞)(|x |) after n = 6 · 106 steps of the SPS targeting t-distribution
t(1) in dimension d = 1 (resp. d = 4). The QQ-plot in panel (5a) (resp. (5b))
shows that CLT holds (resp. fails), which agrees with our theory since
v = 1 > 1/2 = d/2 (resp. v = 1 < 2 = d/2).



Comparison of (SIM-ALG) samplers in Rd targeting
π(| · | > r) ≈ r−v as r ↑ ∞ for some v > 0

Algorithm CLT ρ (TV) β Jump Comment

fv-RWM v > 2 v/2 2 many Robust, slow,
some CLT failure

iv-RWM (η ∈ (0, 2)) v > η v/η η many Huge gain on
fvRWM; robust
option for η ≪ 2

ULA/MALA v > 2 v/2 2 many Despite gradients,
no gain on fvRWM

SPS (v < d) v > d/2 v
d−v d − v single Fast yet fragile:

best in (SIM-ALG)

if v > d [Y LR24],
worst if v < d−2

IS (k > v) v > k/2 v
k−v k − v single Extremely fragile:

if v = k exact
tail simulation; if
k ̸= v impractical

Notation. CLT: ergodic estimator SN(1A) of π(A); ρ (TV): decay rate
∥Pn − π∥TV ≈ n−ρ; β: for φ in L-drift conditions and a rate-optimal V :
V (x)φ(1/V (x)) ≈ |x |−β ; Jump: many- or single-jump tail exploration.

Remark If v > d (resp. v > k), then SPS (resp. IS) is uniformly
ergodic [Y LR24] (resp. [MT96, Thm 2.1]) and the CLT holds.
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L(V, φ,Ψ)-drift calculus for sampling algorithms

Question. How to choose the best sampling algorithm for a heavy-tailed
distribution π?

Functions L(V, φ,Ψ) yielding sharp bounds for alg with kernel P satisfy

π(r) := π(V ≥ r) ≈ 1/(rφ(1/r)Ψ(r)), as r → ∞.

If CLT holds for ergodic averages under algorithm P, then

r 7→ 1

Ψ(G1
−1(

√
r))

≈ π(G1
−1(

√
r))√

r
∈ L1

loc(∞),

where G1
−1 is the inverse of the function G1 : r 7→ 1/(rφ(1/r))

Answer. Choose the algorithm P with φ such that

r 7→ rφ(1/r) decays to 0 slowest as r → ∞

⇐⇒ r 7→ φ(r) grows fastest at 0 (recall P(1/V ) − 1/V ≤ φ(1/V ))
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Conclusions

Vanilla algs (RWM, MALA, ULA), ubiquitous in applications, may yield
estimators with infinite asymptotic variance if target π is heavy-tailed.

The L-drift framework L(V, φ,Ψ) elucidates behaviour of samplers:

• φ – how “sticky” the chain is in the tails (duration of return times);

• Ψ – tendency to leave the compacts.

Best choice in (SIM-ALG) for heavy-tailed π(x) ≈ (1 + |x |)−(d+v)

• Random-Walk Metropolis with heavy-tailed proposals for 0 < v < d ;

• Stereographic-Projection Sampler when the tail index satisfies v > d .

Algorithm-design insight: efficient samplers should be Ψ-slow (many
excursion into tails: slow growth of Ψ at ∞) and φ-fast (short return
times from each excursion: fast growth of φ at 0).

A new sampler based on these principles, better than any
in (SIM-ALG), as well as Hamiltonian Monte Carlo, is coming soon!
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