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Storage process (setup and goals)

Storage process X satisfies

Xt = x+A(t)−
∫ t

0
r
(
Xs

)
ds, x ≥ 0, t ≥ 0.

Input A: non-decreasing pure-jump Lévy process (subordinator).

The Lévy measure ν of A satisfies ν((−∞,0])) = 0, and∫
[0,∞)

(u∧1)ν(du)< ∞.

Release rate r : [0,∞)→ [0,∞), positive iff u > 0, locally Lipschitz on compacts.
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Related literature

Classical problem with rich history:
Existence/stationarity for compound Poisson inputs: [HR76; BRT82]

Exponential ergodicity for compound Poisson inputs: [MT93]
Recurrence/ergodicity for non-decreasing inputs: [Yam05]

Modern advances:
Connections to infinite-server queues [SBM20; DFP25].
Explicit formulas in the when X is a shot-noise process, i.e., r(x) = cx [BM21b; BKM19].
Extensions to affine r(x) = b+ cx and two-sided jumps ν((−∞,0])> 0 [BM21a].

Our goals: Establish convergence rates to stationarity; tail bounds for stationary law for general
release rate r non-negative ν .
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Transience and null/positive recurrence

Regime Conditions Comments/Examples

Transient
(a) mν < ∞, limsupu→∞ r(u)<mν

(b) mν = ∞, liminfu→∞
u

r(u)

∫
∞

0
ν̄(uv)dv
1+v2 > 1

Ex: ν̄(u)≈ u−α , r(u)≈ uβ :
transience if α +β < 1

Null recurrent mν < ∞, r(u) =mν for u ≥ u0 “mean zero” increments when Xt is large

Pos. recurrent limsupu→∞

∫
∞

0
ν̄(v)

r(u+v) dv < 1 Ex: α + β > 1 with α,β ∈ (0,1); and
mν < liminfu→∞ r(u)

Here, r denotes the release rate, and ν̄(u) = ν((u,∞)), mν =
∫
(0,∞) uν(du) Lévy measure ν of the input subordinator A.
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Summary of main results: range of phenomena when r(u)≈ uβ

Release rate r(u) as u ↑ ∞ Input Rate ν̄(u) as u ↑ ∞ Conv. Rate in TV as t ↑ ∞ π̄(u) as u ↑ ∞

r(u) = a (large u) ν̄(u)≼ exp(−cu) Exponential Exponential
mν < a ν̄(u)≈ u−α , α > 1 ≈ t1−α ≈ u1−α

r(u)≈ u ν̄(u)≈ u−α , α > 0 Exponential ≈ u−α

ν̄(u)≈ (lnu)−α , α > 1 ≈ t1−α ≈ (lnu)1−α

r(u)≈ uβ , β ∈ (0,1) ν̄(u)≈ exp(−u1−β ) Exponential ≈ exp(−u1−β )

ν̄(u)≈ u−α , α+β >1 ≈ t
1−α−β

1−β ≈ u1−α−β

r(u)≈ uβ , β ∈ (1,∞) ν̄(u)≼ u−α α > 0 Uniformly Ergodic ≼ u1−α−β

≼: upper asymptotics; ≈: matching upper/lower bounds; mν :=
∫
[0,∞) uν(du)

π denotes the invariant measure for X with π̄(u) = π((u,∞)) the corresponding tail function.
The “Convergence Rate” column quantifies ∥Px (Xt ∈ ·)−π∥TV, as t → ∞.
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Theorem 2.2: Positive recurrent ergodicity rates (Part i: Upper bounds)

Assume that X is irreducible, aperiodic, and that all compact sets are petite.

Suppose there exist:

Lyapunov function V : [0,∞)→ [1,∞).

Concave, non-decreasing function φ : [1,∞)→ (0,∞) satisfying φ(r)→ ∞ as r → ∞, such that:

limsup
u→∞

∫
∞

0
φ(V (u+v))
r(u+v)

ν̄(v)dv

φ(V (u))
< 1.

Then it follows:∫
[0,∞) φ ◦V (x)π(dx)< ∞ and π̄(u) = π((u,∞))≤ Cπ/φ ◦V (u) for some Cπ ∈ (0,∞).

For any x ∈ [0,∞), there exists a constant CTV ∈ (0,∞), such that:

∥p(t,x ,dy)−π(dy)∥TV ≤ CTV

φ(Φ−1(t))
, Φ(t) :=

∫ t

1

ds
φ(s)

.

Stability of storage processes 9 November, 2025 6 / 11



Theorem 2.2: Positive recurrent ergodicity rates (Part i: Upper bounds)

Assume that X is irreducible, aperiodic, and that all compact sets are petite.
Suppose there exist:

Lyapunov function V : [0,∞)→ [1,∞).

Concave, non-decreasing function φ : [1,∞)→ (0,∞) satisfying φ(r)→ ∞ as r → ∞, such that:

limsup
u→∞

∫
∞

0
φ(V (u+v))
r(u+v)

ν̄(v)dv

φ(V (u))
< 1.

Then it follows:∫
[0,∞) φ ◦V (x)π(dx)< ∞ and π̄(u) = π((u,∞))≤ Cπ/φ ◦V (u) for some Cπ ∈ (0,∞).

For any x ∈ [0,∞), there exists a constant CTV ∈ (0,∞), such that:

∥p(t,x ,dy)−π(dy)∥TV ≤ CTV

φ(Φ−1(t))
, Φ(t) :=

∫ t

1

ds
φ(s)

.

Stability of storage processes 9 November, 2025 6 / 11



Theorem 2.2: Positive recurrent ergodicity rates (Part i: Upper bounds)

Assume that X is irreducible, aperiodic, and that all compact sets are petite.
Suppose there exist:

Lyapunov function V : [0,∞)→ [1,∞).

Concave, non-decreasing function φ : [1,∞)→ (0,∞) satisfying φ(r)→ ∞ as r → ∞, such that:

limsup
u→∞

∫
∞

0
φ(V (u+v))
r(u+v)

ν̄(v)dv

φ(V (u))
< 1.

Then it follows:∫
[0,∞) φ ◦V (x)π(dx)< ∞ and π̄(u) = π((u,∞))≤ Cπ/φ ◦V (u) for some Cπ ∈ (0,∞).

For any x ∈ [0,∞), there exists a constant CTV ∈ (0,∞), such that:

∥p(t,x ,dy)−π(dy)∥TV ≤ CTV

φ(Φ−1(t))
, Φ(t) :=

∫ t

1

ds
φ(s)

.

Stability of storage processes 9 November, 2025 6 / 11



Theorem 2.2: Positive recurrent ergodicity rates (Part i: Upper bounds)

Assume that X is irreducible, aperiodic, and that all compact sets are petite.
Suppose there exist:

Lyapunov function V : [0,∞)→ [1,∞).

Concave, non-decreasing function φ : [1,∞)→ (0,∞) satisfying φ(r)→ ∞ as r → ∞, such that:

limsup
u→∞

∫
∞

0
φ(V (u+v))
r(u+v)

ν̄(v)dv

φ(V (u))
< 1.

Then it follows:∫
[0,∞) φ ◦V (x)π(dx)< ∞ and π̄(u) = π((u,∞))≤ Cπ/φ ◦V (u) for some Cπ ∈ (0,∞).

For any x ∈ [0,∞), there exists a constant CTV ∈ (0,∞), such that:

∥p(t,x ,dy)−π(dy)∥TV ≤ CTV

φ(Φ−1(t))
, Φ(t) :=

∫ t

1

ds
φ(s)

.

Stability of storage processes 9 November, 2025 6 / 11



Positive recurrent ergodicity rates (Part ii: Lower bounds)

Assume X is ergodic with stationary measure π:

u 7→ r(u)/(u logu) is eventually decreasing and limu→∞ r(u)/(u logu) = 0.

u 7→ 1/ν̄(u) is submultiplicative.

Then, we obtain:

π̄(u) ≥ Lε (u), ∀u ≥ 1 where Lε (u) := cε u
1−ε ν̄(u)

r(u)

Furthermore, assume there exists an increasing h : [1,∞)→ [1,∞) and constant c > 0 such that

Ex [h(Xt)]≤ h(x)+ ct, ∀x ≥ 0, t ≥ 1, and lim
u→∞

F (u) = ∞ where F (u) := uLε

(
h−1(u)

)
.

The lower bound on the convergence rate follows:

∥p(t,x ,dy)−π(dy)∥TV ≥ 1
2
Lε ◦h−1 ◦F−1(2(h(x)+ ct)

)
, ∀x ≥ 0.

In heavy–tail regimes, these match the upper bounds from part(i), giving sharp rates and tail behaviour.
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Proof idea — Upper bounds

Goal: derive bounds on stability from a Lyapunov drift condition via [DFG09].

Assumption limsup
u→∞

∫
∞

0
φ(V (u+v))
r(u+v)

ν̄(v)dv

φ(V (u))
< 1, yields:

LV (u)≤−φ ◦V (u)+ c 1D(u),

where φ is concave and increasing, D compact (petite).

The function φ ◦V is π-integrable:
∫
[0,∞) φ ◦V (x)π(dx)< ∞.

The function Φ(t) =
∫ t
1

ds
φ(s)

controls return-time growth.

Using the regeneration structure, one obtains

∥p(t,x ,dy)−π(dy)∥TV ≤ CTV

φ(Φ−1(t))

giving exponential or polynomial rates depending on φ .
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Proof idea — Lower bounds

Let V = u on the complement of the origin. Then L (1/V )≤ r(u)/u2 =: ϕ(1/u) for u large.

ϕ(1/u) is a proxy for the duration of the excursion from a compact set.

Define ρr := {t > 0 : V (Xt)≥ r} and λℓ := {t > 0 : V (Xt)≤ ℓ}. For, fixed x ∈ (ℓ, r), we have

Px (ρr < λℓ)≥ ν̄(r), as r → ∞, ν̄ bounds the size of the excursion.

This implies that X satisfies the L-drift conditions L(V ,ϕ, ν̄) in [BM24], which yields

π̄(u)≥ cε u
1−ε ν̄(u)

r(u)
, u ≥ 1

Stability of storage processes 9 November, 2025 9 / 11



Proof idea — Lower bounds

Let V = u on the complement of the origin. Then L (1/V )≤ r(u)/u2 =: ϕ(1/u) for u large.
ϕ(1/u) is a proxy for the duration of the excursion from a compact set.

Define ρr := {t > 0 : V (Xt)≥ r} and λℓ := {t > 0 : V (Xt)≤ ℓ}. For, fixed x ∈ (ℓ, r), we have

Px (ρr < λℓ)≥ ν̄(r), as r → ∞, ν̄ bounds the size of the excursion.

This implies that X satisfies the L-drift conditions L(V ,ϕ, ν̄) in [BM24], which yields

π̄(u)≥ cε u
1−ε ν̄(u)

r(u)
, u ≥ 1

Stability of storage processes 9 November, 2025 9 / 11



Proof idea — Lower bounds

Let V = u on the complement of the origin. Then L (1/V )≤ r(u)/u2 =: ϕ(1/u) for u large.
ϕ(1/u) is a proxy for the duration of the excursion from a compact set.

Define ρr := {t > 0 : V (Xt)≥ r} and λℓ := {t > 0 : V (Xt)≤ ℓ}. For, fixed x ∈ (ℓ, r), we have

Px (ρr < λℓ)≥ ν̄(r), as r → ∞, ν̄ bounds the size of the excursion.

This implies that X satisfies the L-drift conditions L(V ,ϕ, ν̄) in [BM24], which yields

π̄(u)≥ cε u
1−ε ν̄(u)

r(u)
, u ≥ 1

Stability of storage processes 9 November, 2025 9 / 11



Proof idea — Lower bounds

Let V = u on the complement of the origin. Then L (1/V )≤ r(u)/u2 =: ϕ(1/u) for u large.
ϕ(1/u) is a proxy for the duration of the excursion from a compact set.

Define ρr := {t > 0 : V (Xt)≥ r} and λℓ := {t > 0 : V (Xt)≤ ℓ}. For, fixed x ∈ (ℓ, r), we have

Px (ρr < λℓ)≥ ν̄(r), as r → ∞, ν̄ bounds the size of the excursion.

This implies that X satisfies the L-drift conditions L(V ,ϕ, ν̄) in [BM24], which yields

π̄(u)≥ cε u
1−ε ν̄(u)

r(u)
, u ≥ 1

Stability of storage processes 9 November, 2025 9 / 11



Proof idea — Lower bounds (2)

π̄(u)≥ cε u
1−ε ν̄(u)

r(u)
, u ≥ 1

There exists an increasing h : [1,∞)→ [1,∞) and constant c > 0 such that

Ex [h(Xt)]≤ h(x)+ ct, ∀x ≥ 0, t ≥ 1, F (u) := uLε

(
h−1(u)

)
.

Lower bound on the convergence rate:

∥p(t,x ,dy)−π(dy)∥TV ≥ 1
2
Lε ◦h−1 ◦F−1(2(h(x)+ ct)

)
, ∀x ≥ 0.
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