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Question 2 Does the /t-scaling in multivar. CLT vyield best rate in dy (X, /Vt, Z) — 0?

IP’(Xt/\/EEA>fIP>(Z€A)‘AO as t — 00?



Q1 Variance is finite iff convex distance is integrable at infinity wrt ¢~ 1d¢

Theorem 1 (Characterisation of the finite variance of a Lévy process in R%)
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Theorem 2 (Characterisation of (2 + log)-moments)

Let Z be standard Gaussian in R and X Lévy process with second moment E[| X1|?] < oo
Denote the covariance matrix of X, by 6% = E[(X1 —EX4)(X1 —EX4)T]. Then:

t— t_ldcg((Xt — tEXl)/\/%,a'Z) = Llloc(—koo) — ]EHXﬂQmaX{O,log(\Xl])}] < 00.




Q2 Is convex distance t + t'dy((X; — tEX,)/\t,0Z) in L}

10C(+OO)?
Theorem 2 (Characterisation of (2 + log)-moments)

Let Z be standard Gaussian in R and X Lévy process with second moment E[| X1|?] < oo
Denote the covariance matrix of X, by 6% = E[(X1 —EX4)(X1 —EX4)T]. Then:

t >ty (X —tEX1)/Vt,02Z) € Liy,(+00) < E[|X1|> max{0,log(|X1])}] < o0

e Q2: no in general! Integrability of dy in \/t-CLT is equivalent to (2 4 log)-moments.



Q2 Is convex distance t — t~ldy ((X; — tEX))/Vt,0Z) in Ll (+00)?
Theorem 2 (Characterisation of (2 + log)-moments)

Let Z be standard Gaussian in R and X Lévy process with second moment E[| X1|?] < oo
Denote the covariance matrix of X by 0% = E[(X1 —EX4)(X1 —EX4)T]. Then:

t >ty (X —tEX1)/Vt,02Z) € Ly (+00) < E[|X1|*max{0,log(|X1])}] < oo.

e Q2: no in general! Integrability of dy in \/t-CLT is equivalent to (2 4 log)-moments.
o Assuming E[|X1|?] < oo only, inspite A(t)? =X + [, /7 vvTv(dv) tending to constant
matrix 2 as t 1 oo, scaling by v/tA(t) yields faster decay of distance d than scaling by v/to.



Q2 Is convex distance t — t~'dy((X; — tEX,)/\t,0Z) in L (+00)?

loc
Theorem 2 (Characterisation of (2 + log)-moments)

Let Z be standard Gaussian in R and X Lévy process with second moment E[| X1 |?] < oco.
Denote the covariance matrix of X by 0% = E[(X; —EX,)(X1 —EXy)T]. Then:

t >ty (X —tEX1)/Vt,02Z) € Ly (+00) < E[|X1|*max{0,log(|X1])}] < oo.

e Q2: no in general! Integrability of dy in \/t-CLT is equivalent to (2 4 log)-moments.

o Assuming E[|X1|?] < oo only, inspite A(t)? =X + [, /7 vvTv(dv) tending to constant
matrix 2 as t 1 oo, scaling by v/tA(t) yields faster decay of distance d than scaling by v/to.
e Example: X Lévy process with v(dv) = |v|~2"9log(|v|)~2dwv for |v| > 2. Then

/{ o) = oo < B ma{0.1og( 1) = o



Q2 Is convex distance t — t~ldy ((X; — tEX))/Vt,0Z) in Ll (+00)?
Theorem 2 (Characterisation of (2 + log)-moments)

Let Z be standard Gaussian in R and X Lévy process with second moment E[| X1 |?] < oco.
Denote the covariance matrix of X, by 0% = E[(X; — EX1)(X; — EX1)T]. Then:

t >ty (X —tEX1)/Vt,02Z) € Ly (+00) < E[|X1|*max{0,log(|X1])}] < oo.

e Q2: no in general! Integrability of dy in \/t-CLT is equivalent to (2 4 log)-moments.

o Assuming E[|X1|?] < oo only, inspite A(t)? =X + [, /7 vvTv(dv) tending to constant
matrix 2 as t 1 oo, scaling by v/tA(t) yields faster decay of distance d than scaling by v/to.
e Example: X Lévy process with v(dv) = |v|~2"9log(|v|)~2dwv for |v| > 2. Then

/u 1) vl log(Jv])v(dv) = 0o = E[[X1[* max{0, log(|Xa])}] = 00 =3 VIA(®),

where A(t)? = Cy4(1/log(2) — 1/ log(kv/t))I,, yields faster decay than v/t-scaling.



Q2 Is convex distance t — t~'dy((X; — tEX,)/\t,0Z) in L (+00)?

loc

Theorem 2 (Characterisation of (2 + log)-moments)

Let Z be standard Gaussian in R and X Lévy process with second moment E[| X1 |?] < oco.
Denote the covariance matrix of X, by 0% = E[(X; — EX1)(X; — EX1)T]. Then:

t >ty (X —tEX1)/Vt,02Z) € Ly (+00) < E[|X1|*max{0,log(|X1])}] < oo.

e Q2: no in general! Integrability of dy in \/t-CLT is equivalent to (2 4 log)-moments.

o Assuming E[|X1|?] < oo only, inspite A(t)? =X + [, /7 vvTv(dv) tending to constant
matrix 2 as t 1 oo, scaling by v/tA(t) yields faster decay of distance d than scaling by v/to.
e Example: X Lévy process with v(dv) = |v|~2"9log(|v|)~2dwv for |v| > 2. Then

/u 1) vl log(Jv])v(dv) = 0o = E[[X1[* max{0, log(|Xa])}] = 00 =3 VIA(®),

where A(t)? = Cy(1/log(2) — 1/ log(k\/t))I4, yields faster decay than v/t-scaling.
e This explains why polynomial Berry-Esseen type bounds under (2 + §)-moment assumption
have to deteriorate arbitrarily as ¢ | 0.



Domain of Attraction (DoA) of standard Gaussian vector Z in RY
Lévy process X is in DoA if 3 measurable A : [1,00) — R? and B : [1,00) — R?*? such that
B(t) is positive definite and B(t)"1(X; — A(t)) % Z as t — cc.



Domain of Attraction (DoA) of standard Gaussian vector Z in RY
Lévy process X is in DoA if 3 measurable A : [1,00) — R? and B : [1,00) — R?*? such that
B(t) is positive definite and B(t)"1(X; — A(t)) % Z as t — cc.

X in DoA is in Domain of Normal Attraction (DoNA) if lim sup,_, tr(gz(t)) < 00;




Domain of Attraction (DoA) of standard Gaussian vector Z in RY

Lévy process X is in DoA if 3 measurable A : [1,00) — R? and B : [1,00) — R?*? such that
B(t) is positive definite and B(t)"1(X; — A(t)) % Z as t — cc.

X in DoA is in Domain of Normal Attraction (DoNA) if limsup,_, ., tr(gz(t)) < oo; otherwise,
X in Domain of Non-Normal Attraction (DoNNA).




Domain of Attraction (DoA) of standard Gaussian vector Z in RY

Lévy process X is in DoA if 3 measurable A : [1,00) — R? and B : [1,00) — R?*? such that
B(t) is positive definite and B(t)"1(X; — A(t)) % Z as t — cc.

X in DoA is in Domain of Normal Attraction (DoNA) if limsup,_, ., tr(gz(t)) < oo; otherwise,
X in Domain of Non-Normal Attraction (DoNNA).

Fact: X is in DoNA if and only if E[| X1]?] < oo.




Domain of Attraction (DoA) of standard Gaussian vector Z in RY

Lévy process X is in DoA if 3 measurable A : [1,00) — R? and B : [1,00) — R?*? such that
B(t) is positive definite and B(t)"1(X; — A(t)) % Z as t — cc.

X in DoA is in Domain of Normal Attraction (DoNA) if limsup,_, ., tr(gz(t)) < oo; otherwise,
X in Domain of Non-Normal Attraction (DoNNA).

Fact: X is in DoNA if and only if E[| X1]?] < oo.

Hence: X in DONNA > B[[X1[%) = 00 = [y lo(dv) & limsup, o, “EE = o




Domain of Attraction (DoA) of standard Gaussian vector Z in RY

Lévy process X is in DoA if 3 measurable A : [1,00) — R? and B : [1,00) — R?*? such that
B(t) is positive definite and B(t)"1(X; — A(t)) % Z as t — cc.

X in DoA is in Domain of Normal Attraction (DoNA) if limsup,_, ., tr(gz(t)) < oo; otherwise,
X in Domain of Non-Normal Attraction (DoNNA).

Fact: X is in DoNA if and only if E[| X1]?] < oo.

Hence: X in DoNNA = E[|X]?] =00 = f{lv\>1} |v|2v(dv) & limsup,_, tr(gg)) = 00.

Corollary 3

If X in DoNNA, then for any A : [1,00) — R% and B : [1,00) — R4, s.t. B(t) invertible
for large t, Amin(B(t)TB(t)) — co and B(t)"'B(f(t)) — I for any non-decreasing functions
f with f(t)/t — 1 ast — oo we have

ts t dy (Xy — A(t), B(t)Z) ¢ Lige(+00).




Domain of Attraction (DoA) of standard Gaussian vector Z in RY

Lévy process X is in DoA if 3 measurable A : [1,00) — R? and B : [1,00) — R?*? such that
B(t) is positive definite and B(t)"1(X; — A(t)) % Z as t — cc.

X in DoA is in Domain of Normal Attraction (DoNA) if limsup,_, ., tr(gz(t)) < oo; otherwise,
X in Domain of Non-Normal Attraction (DoNNA).

Fact: X is in DoNA if and only if E[| X1]?] < oo.

Hence: X in DoNNA = E[|X]?] =00 = f{lv\>1} |v|2v(dv) & limsup,_, % = 00.

Corollary 3

If X in DoNNA, then for any A : [1,00) — R% and B : [1,00) — R4, s.t. B(t) invertible
for large t, Amin(B(t)TB(t)) — co and B(t)"'B(f(t)) — I for any non-decreasing functions
f with f(t)/t = 1 ast — oo we have

tt ld (X — A(t), B(t)Z) ¢ L (+00).

Hard bound: since d < dg, convex distance dy (B(t)~'(X; — tE[X1]), Z) cannot be upper
bounded by a function that is integrable with respect to ¢t~'dt on [1,00), cf. [GCKBM25].
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Thm 1 (implication: E|X;|? < 0o <= t >t 1dy (X, — A(t), B(t)Z) € L}, (+0)):

e argument showing that convergence in distribution cannot hold if E|X|? = oo (using ideas from
classical but little know work of Heyde [Hey69, Hey73] for one-dimensional random walks).

e generalisation to continuous time poses significant technical difficulties (e.g. summability in discrete

time [Hey69, Hey73] implies Kolmogorov distance — 0; in continuous time integrability does not!)
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