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Classical setting: CLT and its rate of convergence
Let (Xi)i∈N iid with EX2

1 = 1, EX1 = 0, then Sn =
∑n

i=1Xi satisfies

Sn/
√
n

d−→ Z as n → ∞, where Z ∼ N(0, 1).

Similarly, (Yt)t≥0 Lévy process with EY 2
1 = 1, EY1 = 0, then Yt/

√
t

d−→ Z as t → ∞.

Since Z has density & EZ2 < ∞, Kolmogorov distances satisfies:

dK

(
Yt/

√
t, Z

)
:= sup

x∈R

∣∣∣P(
Yt/

√
t ≤ x

)
− P(Z ≤ x)

∣∣∣ → 0 as t → ∞. (1)

Berry-Esseen: if E|Y1|2+δ < ∞ for δ > 0, than ∃Cδ > 0 such that dK

(
Yt/

√
t, Z

)
≤ Cδt

−δ/2.
However, as δ ↓ 0, we have Cδ = O(1/δ) → ∞ and the bound becomes arbitrarily bad.
Question 1 Does finite variance E[|Y1|2] < ∞ alone imply something about the rate in (1)?
What about the CLT for multivariate Lévy process X = (Xt)t≥0 and convex distance

dC (Xt/
√
t,Z) := sup

A convex in Rd

∣∣∣P(
Xt/

√
t ∈ A

)
− P(Z ∈ A)

∣∣∣ → 0 as t → ∞?

Question 2 Does the
√
t-scaling in multivar. CLT yield best rate in dC (Xt/

√
t,Z) → 0?
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Q1 Variance is finite iff convex distance is integrable at infinity wrt t−1dt

Theorem 1 (Characterisation of the finite variance of a Lévy process in Rd)

X Lévy process, Z standard Gaussian vector in Rd. Then the following are equivalent:

(a) E[|X1|2] < ∞.

(b) ∃ measurable A : [1,∞) → Rd and B : [1,∞) → Rd×d, such that B(t) is invertible for
large t, smallest eigenvalue λmin(B(t)⊺B(t)) → ∞ and B(t)−1B(f(t)) → Id holds for
any non-decreasing functions f with f(t)/t → 1 as t → ∞ and

t 7→ t−1dC (Xt −A(t),B(t)Z) ∈ L1
loc(+∞).

Moreover, for any B satisfying condition (b), we have limt→∞ dC (Xt − tEX1,B(t)Z) = 0.

If E[|X1|2] < ∞, set Ac(t) := tE[X1] & Bc(t) :=
√
t∆(t), where ∆(t) :=

√
Σ(t) and

Σ(t) := Σ+

∫
{|v|<κ

√
t}
vv⊺ν(dv) → Σ+

∫
Rd\{0}

vv⊺ν(dv) = E[(X1−EX1)(X1−EX1)
⊺] =: σ2.

Then Ac(t) & Bc(t) satisfy condition (b): t 7→ t−1dA (Xt −Ac(t),Bc(t)Z) ∈ L1
loc(+∞).



Q1 Variance is finite iff convex distance is integrable at infinity wrt t−1dt

Theorem 1 (Characterisation of the finite variance of a Lévy process in Rd)
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Q2 Is convex distance t 7→ t−1dC ((Xt − tEX1)/
√
t,σZ) in L1

loc(+∞)?

Theorem 2 (Characterisation of (2 + log)-moments)

Let Z be standard Gaussian in Rd and X Lévy process with second moment E[|X1|2] < ∞.
Denote the covariance matrix of X1 by σ2 = E[(X1 − EX1)(X1 − EX1)

⊺]. Then:

t 7→ t−1dC

(
(Xt − tEX1)/

√
t,σZ

)
∈ L1

loc(+∞) ⇐⇒ E[|X1|2max{0, log(|X1|)}] < ∞.

• Q2: no in general! Integrability of dC in
√
t-CLT is equivalent to (2 + log)-moments.

• Assuming E[|X1|2] < ∞ only, inspite ∆(t)2 = Σ+
∫
{|v|<κ

√
t} vv

⊺ν(dv) tending to constant

matrix σ2 as t ↑ ∞, scaling by
√
t∆(t) yields faster decay of distance dC than scaling by

√
tσ.

• Example: X Lévy process with ν(dv) = |v|−2−d log(|v|)−2dv for |v| > 2. Then∫
{|v|>1}

|v|2 log(|v|)ν(dv) = ∞ ⇐⇒ E[|X1|2max{0, log(|X1|)}] = ∞ Thm 2
=⇒

√
t∆(t),

where ∆(t)2 = Cd(1/ log(2)− 1/ log(κ
√
t))Id, yields faster decay than

√
t-scaling.

• This explains why polynomial Berry-Esseen type bounds under (2 + δ)-moment assumption
have to deteriorate arbitrarily as δ ↓ 0.
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Domain of Attraction (DoA) of standard Gaussian vector Z in Rd

Lévy process X is in DoA if ∃ measurable A : [1,∞) → Rd and B : [1,∞) → Rd×d such that

B(t) is positive definite and B(t)−1(Xt −A(t))
d−→ Z as t → ∞.

X in DoA is in Domain of Normal Attraction (DoNA) if lim supt→∞
tr(B(t))√

t
< ∞; otherwise,

X in Domain of Non-Normal Attraction (DoNNA).

Fact: X is in DoNA if and only if E[|X1|2] < ∞.

Hence: X in DoNNA =⇒ E[|X1|2] = ∞ =
∫
{|v|>1} |v|

2ν(dv) & lim supt→∞
tr(B(t))√

t
= ∞.

Corollary 3

If X in DoNNA, then for any A : [1,∞) → Rd and B : [1,∞) → Rd×d, s.t. B(t) invertible
for large t, λmin(B(t)⊺B(t)) → ∞ and B(t)−1B(f(t)) → Id for any non-decreasing functions
f with f(t)/t → 1 as t → ∞ we have

t 7→ t−1dK (Xt −A(t),B(t)Z) /∈ L1
loc(+∞).

Hard bound: since dK ≤ dC , convex distance dC (B(t)−1(Xt − tE[X1]),Z) cannot be upper
bounded by a function that is integrable with respect to t−1dt on [1,∞), cf. [GCKBM25].
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Elements of the proofs of Theorems 1 and 2

Thm 1 (implication: (a) : E|X1|2 < ∞ =⇒ (b) : t 7→ t−1dC (Xt −A(t),B(t)Z) ∈ L1
loc(+∞)):

• multivariate Berry-Esseen theorem applied to the Lévy process with truncated jumps
• multidimensional mean value theorem
• generalisation of a limit theorem [AR01, Lem. 3.1] in the small-time regime

Thm 2 E[|X1|2 max{0, log(|X1|)}] < ∞ ⇐⇒ t 7→ t−1dC

(
(Xt − tEX1)/

√
t,σZ

)
∈ L1

loc(+∞)
• since E[|X1|2] < ∞, we have ∆(t) → σ as t → ∞. By triangle inequality

dC

(
(Xt − tEX1)/

√
t,σZ

)
≤ dC

(
(Xt − tEX1)/

√
t,∆(t)Z

)
+ dC (∆(t)Z,σZ)

• by Thm 1 (a) =⇒ (b): t 7→ t−1dC

(
(Xt − tEX1)/

√
t,∆(t)Z

)
∈ L1

loc(+∞)
• use multivariate mean value theorem for matrices to analyse the decay of distance dC (∆(t)Z,σZ)

Thm 1 (implication: E|X1|2 < ∞ ⇐= t 7→ t−1dC (Xt −A(t),B(t)Z) ∈ L1
loc(+∞)):

• argument showing that convergence in distribution cannot hold if E|X1|2 = ∞ (using ideas from
classical but little know work of Heyde [Hey69, Hey73] for one-dimensional random walks).
• generalisation to continuous time poses significant technical difficulties (e.g. summability in discrete
time [Hey69, Hey73] implies Kolmogorov distance → 0; in continuous time integrability does not!)
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