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b?’b n

1 1
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The formula Z;(0) =2 €N & Zy(n+1) =2 e 4y 1 0> 1, implies

Zy=z+X10C1+Y), where Ci(k)= Y Zi(j) forallkeN and
0<j<k

random walks X7 L Y7, have jump laws i (fi(k) = u(k + 1), k € NU{—1}) and v. Note:
o p critical = E|X(n)| < oo and EX;(n) =0 for all n € N;
o X is downwards skip-free (but Z; is not!);
¢ Y] has non-decreasing trajectories.

Heuristic: if X; and Y7 have scaling limits, Z; will be in a domain of attraction (DoA) of a

self-similar continuous-state branching process with immigration (CBI).

Caution: scale X1 and Y7 in a balanced way so neither reproduction nor immigration
dominate.
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Theorem (Main Limit Theorem in [MPUB25])

Let Assumption (SL) hold with § = % € (0,1). Then, for any k > 0, the sequence (cy,),
cn = knP(Z1(n) =0), néeN,

is regularly varying of index 1 — §. There exists k so that weak convergence (in Skorohod top.)

<b1nZI(LnJ)’clL1(LnJ)) 4 (Z,L) asn — oo

n

holds, where b& ~ nl(1/by), Z = X ([, Z(s) ds) + Y a-self-similar CBI (o-stable subord. Y,
(1 4 «)-stable spectrally positive Lévy process X ) and L Markov local time of Z at 0.
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principle for Local times [MUB22] applied to the downward skip-free random walk Xj.

Proof of the Main Limit Theorem [MPUB25] is based on the invariance principle for Local
times [MUB22] applied to the BGWI Z:
¢ The proof of Main Limit Theorem presents a new paradigm for the verification of the
assumptions of the invariance principle for local times [MUB22] that might have
applications in other settings (reinforced RWs, RWs in random environment, etc).
o The verification of the assumptions in [MUB22] for BGWI Z; is non-trivial, requiring
novel results on branching processes and their scaling limits.

o Part Il of this presentation describes this paradigm.
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