Central limit theorem for superdiffusive reflecting Brownian motion
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The model: >0

D= {(z,y) € Ry xR¥: |y|q < b(z)} C R, where

b({L‘) ~r—00 aoolﬁ, for some a., > 0.
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The model
dz; = O'(Zt) dW; + ¢(Zt) dL, & dL; = 1z,ecop ALy (1)

o W is a Brownian motion in R1*¢
o L is local time of Z at D: non-decreasing cts process, increases only when Z; € 0D.
o [MMW?23]: existence & strong uniqueness of SDER (1) (if o uniformly elliptic & bounded).
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Normal reflection vector field ¢ leads to a diffusive processes Z [BMW23].
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Main result

[MMW23]: ¢ asymptotically oblique, then for 5 € (—1, 1), superdiffusive law of large numbers
for the z-component of Z = (X,Y’) holds (constant ¢; > 0 explicit in model parameters):

1
X ~ci T8 asT — oo.
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where N centred Gaussian on R with explicit variance Y and ji a measure on ball B¢ in R?.
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Under mild assumptions, for § € (—1/3,1), as T — oo,

(XT — ClTﬁ YT

VT ’aoocf:m/(w)) e

where N centred Gaussian on R with explicit variance Y and ji a measure on ball B¢ in R?.

Recall b(z) ~ aooz® as 2 — co. Hence b(X71) ~ asoc; TF/0H8) a5 as T — c.

For RBM (¢ = Id), p is uniform on B? and variance of A/ equals T = 1 + %#2_
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Weak limit of Y7/b(X7) as T — oo to invariant measure j on B?

ZT = (28>0, where ZI = (X7 o002t — X1, Yrip(xpy2e) /0(X1) (2)
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Weak limit of Y7/b(X7) as T — oo to invariant measure j on B?

ZT = (20 )iz0, where Z[ = (Xpipxm2e — X1 Yripxp)2e) /0(XT) (2)
Theorem ([MSW24] - Local Process Convergence)

For 3 € (—1,1), the process ZT converges weakly (in locally uniform topology), as T — oo, to
Z% = (X*®,Y®) in R x B, where X*° = moo™®W + soLY" and Y™ satisfies SDER on B?:

AV = mao™ dW; + ¢ (V) ALY, (3)

where X5° = 0 and Y§°, following the invariant law u of (3) on B?, is independent of W.
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where X§° = 0 and Y5°, following the invariant law 11 of (3) on B?, is independent of W.
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0™ is square root of X := lim, o, 0(2)0(2) " (70 & 74 project R+ onto R and RY).
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Phase diagram

Explosivity
3T < 00, Xy —> +00
t—=T

-1 -1/3 0
. ' ) . B
Non-ergodic fluct. Normal fluctuations
X, — Ultl/(lﬁﬁ) X, — clt1/(1+ﬁ) ~ \/ZN
~t/ 001Vt MSW
Ergodicity for the normalised y-component
Y:/b(Xe) ~
Superdiffusivity diffusivity
X, ~ cqtt/(+0) X, ~ Vi

7/10



Phase diagram

-1 -1/3 0 1
. ' ) . B
Non-ergodic fluct. Normal fluctuations
X, — citt/(+A) X, — etV OB o IN
~t/ 001Vt MSW

Ergodicity for the normalised y-component
Yi/b(X0) ~

Explosivity Superdiffusivity diffusivity
T < oo, Xy o ~+00 X, ~ cqtt/(+0) X, ~ Vit
—

Loss of CLT at 8 = —1/3 appears universal for X with dX; ~ X;'B dt + (L?-noise term).
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Phase diagram

—1 -1/3 0 1
. ' ) . B
Non-ergodic fluct. Normal fluctuations
X, — e tt/ (45 X, — etV OHB) o IN
~t/ 001Vt MSW
Ergodicity for the normalised y-component
Yo/b(Xe) ~ 1
Explosivity Superdiffusivity diffusivity
3T < o0, X t_T> +o00 X, ~ cqtt/(+0) X, ~ /i
—

Loss of CLT at 8 = —1/3 appears universal for X with dX; ~ X;'B dt + (L?-noise term).
If noise term a-stable, loss of CLT expected at 5 = —1/(1 + «)
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Elements of the proof 1: convergence for the scaled y-component

First we proof the convergence for the y-component. Recall Xp ~ ¢; TV (1+5).
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Z> follows SDER (3) started at Z5° = (0, Y7 /b(Xr)) = ZI', where

ZI = (Xpypxp)2e — X1 Yripxp)z) /b6(Xr), > 0.

o Continuity result: 2 ~ ZT if started from the same point. Stack domains of Z” and
R x B? to get (d + 2)-dim domain and apply continuity in starting point [DI93]

o tlarge: Y ~ Y =~ p.

o However for t too large: V] % V°. Approximation works up to t < s(T), s not explicit.

o A careful coupling construction over nested intervals of the processes Z”" and Z* started
at (0,Y7/b(Xr)) and in stationarity is needed to conclude Y7 /b(X7) — 1 weakly.
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Elements of the proof 2: CLT for the z-component & asymptotic
independence
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o Finite variation part of & decomposes as (smooth drift term)+(small local time part), and
such that & = XtHB 4 small correction.

o Standard stochastic analysis used to control additive functionals fot 9(Zs) ds, where g is
sufficiently nice. Using the convergence of Y7/b(X7) and the law of large number for X,
a type of ergodicity argument with rescaling yields a CLT from the martingale part of £.

Asymptotic independence of (X7 — ;T B+1D) //T and Y7 /b(X7):

Separation of time scales: Y/b(X) mixes in a window of length ~ T?8/(1+8) " during which
(X¢ — et/ 48)) //t does not move asymptotically as the window is pushed to infinity.
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Thank you for your attention!!
[MSW24] available on arXiv.

10/10


https://arxiv.org/abs/2303.06916

