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Classical setting: CLT and its rate of convergence

Let (Xi )i∈N iid with EX 2
1 = 1, EX1 = 0, then Sn =

∑n
i=1 Xi satisfies

Sn/
√
n

d−→ M as n → ∞, where M ∼ N(0, 1).

Similarly, (Yt)t≥0 Lévy process with EY 2
1 = 1, EY1 = 0, then Yt/

√
t

d−→ M as t → ∞.
M has density & EM2 < ∞ =⇒ Kolmogorov & Wasserstein distances → 0 in both limits.
But how fast? Berry-Esseen: if E|X1|3 < ∞, than as n → ∞, we have

sup
x∈R

∣∣P (
Sn/

√
n ≤ x

)
− P(M ≤ x)

∣∣ ≤ CE[|X1|3]/
√
n & W1(Sn/

√
n,M) = O(1/

√
n).

What about stable domain of attraction in the multi-dimensional small-time setting?
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Plan for this talk

1 Setting

2 Bounds & Rates

3 Couplings
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Setting: small-time domain of attraction

• X = (Xt)t∈[0,1] Lévy process in Rd

• Z = (Zt)t∈[0,1] α-stable process in Rd , i.e. self-similar Lévy process with Zmt ∼ m1/αZt

for all m > 0 and some stability index α ∈ (0, 2]

• X is in the domain of attraction (DoA) of Z if

X t := (Xst/g(t))s∈[0,1]
d−→ Z as t ↓ 0

for g(t) = t1/αG (1/t), where G ∈ SV∞ is slowly varying (∀c > 0: limx→∞
G(xc)
G(x) = 1)

• X in normal (resp. non-normal) DoA if limu→∞ G (u) exists in (0,∞) (resp. otherwise)

Main question: what is the rate of convergence in Wasserstein distance of X t d−→ Z as t ↓ 0?
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q-Wasserstein distance Wq for any q ∈ (0,∞)

For any Rd -valued stochastic processes X = (X t)t∈[0,1] and Y = (Y t)t∈[0,1],

Wq(X ,Y) := inf
X ′ d=X ,Y ′ d=Y

E

[
sup

t∈[0,1]
|X ′t −Y ′t |q

]1/(q∨1)
, q > 0,

where infimum is over all couplings (X ′,Y ′) with X ′ d
= X and Y ′ d

= Y (| · | L2-norm on Rd)

For Rd -valued random vectors ξ and ζ, the q-Wasserstein distance is given by

Wq(ξ, ζ) = inf
ξ′

d
=ξ,ζ′ d=ζ

E[|ξ′ − ζ′|q]1/(q∨1), q > 0,

where the infimum is taken over all couplings (ξ′, ζ′) with ξ′
d
= ξ and ζ′

d
= ζ. Clearly we have

Wq(X t ,Y t) ≤ Wq(X ,Y) for any t ∈ [0, 1].
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Goal

We are after bounds
? ≤ Wq(X t ,Z ) ≤? as t ↓ 0

• Classical bounds (e.g. Berry-Esseen) cannot be used as the limit Z does not have the
second (let alone higher!) moment and typically the uniform integrability fails.

• Important to consider 0 < q ≤ 1, so that Wq(X t ,Z ) < ∞ for q ∈ (0, α)

• A good upper bound in the Berry-Esseen case requires KMT-coupling of BM and
pure-jump Lévy process [Rio09]. Comparing to BM in our case is futile.

• We need a new coupling of the pure-jump parts of the Lévy processes X and Z to get an
upper bound, asymptotically matching (or close to) (as t ↓ 0) the lower bound.

• Lower bounds hold for all Lévy processes in the domain of attraction:
normal case: Kantorovich’s duality & the Toscani-Fourier lower bound
non-normal case: extension of [BG18] for Prokhorov distance lower bound.
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pure-jump Lévy process [Rio09]. Comparing to BM in our case is futile.

• We need a new coupling of the pure-jump parts of the Lévy processes X and Z to get an
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pure-jump Lévy process [Rio09]. Comparing to BM in our case is futile.

• We need a new coupling of the pure-jump parts of the Lévy processes X and Z to get an
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Where are asymptotics of Wq(X t ,Z ) (as t ↓ 0) relevant?

• Controlling bias due to the discretisation error on a fixed time horizon [Iva18]

• Quantifying model misspecification risk [BM19]

• Analysing Euler scheme for Lévy driven SDEs, where the Lévy driver is substituted by a
stable process

• Estimating semimartingale characteristics of a jumps process using high-frequency data

• ....

Setting



Overview of the results

Recall X t = (Xst/(t
1/αG (1/t)))s∈[0,1]

d−→ Z as t ↓ 0, where G ∈ SV∞.

Under some regularity
assumptions, for α ∈ (0, 2) \ {1} and q ∈ (0, α) ∩ (0, 1] with E[|X1|q] < ∞, we have:

Domain of attraction (t ↓ 0) α ∈ (0, 2) \ {1}, q ∈ (0, α) ∩ (0, 1] & E[|X1|q] < ∞

normal t1−q/α ≲ Wq(X t ,Z ) ≲ t1−q/α1{α<1}+tq(1−1/α)1{α>1}

non-normal L(t) ≲ max{Wq(X t ,Z ),Wq(X 2t ,Z )} ≲ L(t)q,
where1 L(t) := t−1|G ′(t−1)|/G (t−1) cannot be dom-
inated by a non-decreasing integrable function ℓ > 0: if∫ 1
0 ℓ(t)t−1dt < ∞, then lim supt↓0 L(t)/ℓ(t) = ∞.

Example: ∀ϵ > 0, the function ℓ(t) = | log t|−1−ε satisfies
∫ 1
0 ℓ(t)t−1dt < ∞, implying

L(1/tk) ≥ | log tk |−1−ϵ along some sequence tk ↗ ∞

for every Lévy process X in the non-normal DoA (cf. with normal DoA)

1f (x) ≲ g(x) as x ↓ 0 if ∃c, x0 > 0, s.t. f (x) ≤ cg(x) for all x ∈ (0, x0).
Results
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0 ℓ(t)t−1dt < ∞, then lim supt↓0 L(t)/ℓ(t) = ∞.
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1f (x) ≲ g(x) as x ↓ 0 if ∃c, x0 > 0, s.t. f (x) ≤ cg(x) for all x ∈ (0, x0).
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What causes the slow convergence of X in non-normal DoA?
Recall: X t

1 = Xt/(t
1/αG (1/t))

d−→ Z1 as t ↓ 0, where G ∈ SV∞. Assume 1 < α ≤ 2.

Fact 1: max
{
W1(X t

1 ,Z1),W1(X 2t
1 ,Z1)

}
≥ |1−G (1/(2t))/G (1/t)| E

[
|Z1|

]
/3, ∀ small t > 0.

Fact 2 (extension of [BG18]): if ℓ ∈ SV∞, λ ∈ (0,∞) \ {1} and ∃ non-increasing ϕλ satisfying

ϕλ(t) ≥ |1− ℓ(λt)/ℓ(t)|, ∀t ≥ 1, &

∫ ∞
1

ϕλ(t)t
−1dt < ∞ =⇒ ∃ lim

t→∞
ℓ(t) ∈ (0,∞).

(a) ∀X in non-normal DoA: ∀ϵ > 0, |1− G (tk/2)/G (tk)| ≥ | log tk |−1−ϵ for some tk ↗ ∞.

(b) For very slowly growing G (x) ∼
n-times︷ ︸︸ ︷

log ◦ · · · ◦ log(x) as x ↑ ∞, convergence still slow: ∀ϵ > 0,

|1− G (1/(2t))G (1/t)|/ log 2 ∼ t|G ′(1/t)|/G (1/t) = L(t) ≳ log(1/t)−1−ϵ ∀t as t ↓ 0.

(c) ∀ℓ ∈ SV∞, s.t. ℓ(1/t) → 0 as t ↓ 0 and
∫∞
1 ℓ(t)t−1dt = ∞, ∃ Lévy process X in DoA

L(t) ≲ max{W1(X t ,Z ),W1(X 2t ,Z )} ≲ L(t), for L(t) = ℓ(1/t). (1)

(d) ∃G , G̃ ∈ SV∞, such that G (t) ∼ G̃ (t) as t ↑ ∞ and the rates L, L̃ in (1) satisfy

0 = lim inf
t↓0

L(t)/L̃(t) < lim sup
t↓0

L(t)/L̃(t) = ∞.

Results
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Coupling general pure-jump Lévy processes X and Y

Let ΞX and ΞY be the PPPs of jumps of X and Y , respectively, with corresponding
compensated measures Ξ̃X = ΞX − Leb⊗ νX and Ξ̃Y = ΞY − Leb⊗ νY .

DX ,κ
t =

∫
[0,t]×(Rd\{0})

1{|v |<κ}v Ξ̃X (ds,dv), JX ,κ
t =

∫
[0,t]×(Rd\{0})

1{|v |≥κ}vΞX (ds,dv),

DY ,κ
t =

∫
[0,t]×(Rd\{0})

1{|v |<κ}v Ξ̃Y (ds, dv), JY ,κ
t =

∫
[0,t]×(Rd\{0})

1{|v |≥κ}vΞY (ds,dv).

Since X = DX ,κ + JX ,κ and Y = DY ,κ + JY ,κ, we need to couple the PPPs ΞX and ΞY .
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Thinning coupling

• Choose any Lévy measure µ on Rd that satisfies µ ≫ νX , νY with Radon-Nikodym
derivatives bounded by 1, i.e. fX = dνX/dµ ≤ 1 and fY = dνY /dµ ≤ 1 on supp(µ).

• Let PPP Ξ =
∑

n∈N δ(Un,Vn) on (0, 1]× Rd have mean measure Leb⊗ µ

• Let (ϑn)n∈N be a sequence of iid U[0, 1] random variables, independent of Ξ

Define the PPPs

ΞX =
∑
n∈N

1{ϑn≤fX (Vn)}δ(Un,Vn) and ΞY =
∑
n∈N

1{ϑn≤fY (Vn)}δ(Un,Vn)

Mapping theorem =⇒ ΞX and ΞY have mean measures Leb⊗ νX and Leb⊗ νY , respectively.
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Figure: We see the atoms of ΞX and ΞY from the thinning coupling.
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Bounds for the thinning coupling of general Lévy processes X and Y

Proposition 1

The coupling (DX ,κ,DY ,κ, JX ,κ, JY ,κ), defined by the thinning coupling, implies the following
inequality, for all q ∈ (0, 1]:

Wq(X ,Y ) ≤ |γX ,κ − γY ,κ|q +
(
4

∫
Rd\{0}

1{|v |<κ}|v |2|fX (v)− fY (v)|µ(dv)
)q/2

+ |ΣX −ΣY |q +
∫
Rd\{0}

1{|v |≥κ}|v |q|fX (v)− fY (v)|µ(dv).
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Comonotonic coupling of X and Y with Lévy measures νX and νY

Assums νX , νY have radial decomposition [LeP81, p. 282]: for B ∈ B(Rd \ {0}),

νX (B) =

∫
Sd−1

∫ ∞
0
1B(xv)ρ0X (dx , v)σX (dv), νY (B) =

∫
Sd−1

∫ ∞
0
1B(xv)ρ0Y (dx , v)σY (dv).

where {ρ0X (·, v)}v∈Sd−1 is a family of Lévy measures on (0,∞) and σX probability on Sd−1.
Let σ := (σX + σY )/2 be probability measure on Sd−1 and note f σX (v) := σX (dv)/σ(dv) ≤ 2
and f σY (v) := σY (dv)/σ(dv) ≤ 2 and

νX (B) =

∫
Sd−1

∫ ∞
0
1B(xv)ρX (dx , v)σ(dv), νY (B) =

∫
Sd−1

∫ ∞
0
1B(xv)ρY (dx , v)σ(dv),

where ρX (·, v) := f σX (v)ρ0X (·, v) and ρY (·, v) := f σY (v)ρ0Y (·, v).
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Assums νX , νY have radial decomposition [LeP81, p. 282]: for B ∈ B(Rd \ {0}),

νX (B) =

∫
Sd−1

∫ ∞
0
1B(xv)ρ0X (dx , v)σX (dv), νY (B) =

∫
Sd−1

∫ ∞
0
1B(xv)ρ0Y (dx , v)σY (dv).
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Comonotonic coupling of X and Y with Lévy measures νX and νY

νX (B) =

∫
Sd−1

∫ ∞
0
1B(xv)ρX (dx , v)σ(dv), νY (B) =

∫
Sd−1

∫ ∞
0
1B(xv)ρY (dx , v)σ(dv).

For every v ∈ Sd−1, let u 7→ ρ←X (u, v) (resp. u 7→ ρ←Y (u, v)) be the generalised inverse of
x 7→ ρX ([x ,∞), v) (resp. x 7→ ρY ([x ,∞), v)).

Construction inspired by [Ros01, LeP81]:

• Let (Γn)n∈N RW with standard exponential increments, independent of iid-U[0, 1]
sequence (Un)n∈N

• Let (Vn)n∈N iid random vectors on Sd−1 with law σ, independent of (Un, Γn)n∈N

• Define PPP Ξ on [0, 1]× (0,∞)× Sd−1 with mean measure Leb⊗ Leb⊗ σ

Ξ :=
∑
n∈N

δ(Un,Γn,Vn), Ξ̃(ds, dx ,dv) = Ξ(ds, dx ,dv)− ds ⊗ dx ⊗ σ(dv).
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Comonotonic coupling of X and Y with Lévy measures νX and νY

For any ϵ ∈ (0,∞) (and even ϵ = ∞ when X and Y both have jumps of finite variation), we
can write the small-jump components of X and Y as

MX
t =

∫
[0,t]×(ϵ,∞)×Sd−1

vρ←X (x , v)Ξ̃(ds, dx ,dv),

MY
t =

∫
[0,t]×(ϵ,∞)×Sd−1

vρ←Y (x , v)Ξ̃(ds, dx ,dv).

The big-jump components can similarly be written as

LX
t =

∫
[0,t]×(0,ϵ]×Sd−1

vρ←X (x , v)Ξ(ds, dx ,dv), LY
t =

∫
[0,t]×(0,ϵ]×Sd−1

vρ←Y (x , v)Ξ(ds, dx ,dv).

Then we have Xt = ϖX t +ΣXBX
t + MX

t + LX
t and Yt = ϖY t +ΣY BY

t + MY
t + LY

t for
some constants ϖX ,ϖY ∈ Rd and all t ∈ [0, 1].
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Figure: We see the atoms of ΞX and ΞY from the comonotonic coupling.
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Bound for the comonotonic coupling

Proposition 2

For any ϵ ∈ (0,∞) (and even ϵ = ∞ when X and Y are of finite variation), the coupling
(MX ,MY ,LX ,LY ) implies the following inequality, for any q ∈ (0, 1]:

Wq(X ,Y ) ≤ |ϖX −ϖY |q +
(
4

∫
(ϵ,∞)×Sd−1

(ρ←X (x , v)− ρ←Y (x , v))2dx ⊗ σ(dv)
)q/2

+ |ΣX −ΣY |q +
∫
(0,ϵ]×Sd−1

|ρ←X (x , v)− ρ←Y (x , v)|qdx ⊗ σ(dv).
(2)
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Domain of attraction to a Brownian motion

Theorem 5.1

Let Σ be a symmetric non-negative definite matrix on Rd×d and define
X t = ((ΣBst + Yst)/

√
t)s∈[0,1] for t ∈ (0, 1] where (Bt)t∈[0,1] is a standard Brownian motion

on Rd independent of the tempered α-stable Lévy process Y .

(a) Suppose that Y is of infinite variation, that α ∈ [1, 2) and fix any ϵ > 0 such that
α+ ϵ ≤ 2. Then,

W1

(
X t ,ΣB

)
= O

(
t1/(α+ϵ)−1/2), as t ↓ 0.

(b) There exist some C∗ > 0, such that W1(X t
1 ,ΣB1) ≥ C∗t

1−α/2 for all sufficiently small
t > 0.
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(a) Suppose that Y is of infinite variation, that α ∈ [1, 2) and fix any ϵ > 0 such that
α+ ϵ ≤ 2. Then,

W1

(
X t ,ΣB

)
= O

(
t1/(α+ϵ)−1/2), as t ↓ 0.

(b) There exist some C∗ > 0, such that W1(X t
1 ,ΣB1) ≥ C∗t

1−α/2 for all sufficiently small
t > 0.
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