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Classical setting: CLT and its rate of convergence

Let (X;)icn iid with EX2 = 1, EX; = 0, then S, = 37, X; satisfies

Sa/v/n % M as n— 0o, where M ~ N(0,1).
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Classical setting: CLT and its rate of convergence

Let (X;)iey iid with EX2 =1, EX; = 0, then S, = 37, X; satisfies
Sa/v/n % M as n— 0o, where M ~ N(0,1).
Similarly, (Y:)r>0 Lévy process with EYZ =1, EY; =0, then Y;/\/t 9 M ast — .

M has density & EM? < co = Kolmogorov & Wasserstein distances — 0 in both limits.
But how fast? Berry-Esseen: if E|X;|® < oo, than as n — oo, we have

sup P (Sa/v/n < x) — P(M < x)| < CE[|X;[}]/v/n & Wi(Sa/v/n, M) = O(1/v/n).

What about stable domain of attraction in the multi-dimensional small-time setting?
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® X = (Xt)te[o,1) Lévy process in R

® Z = (Z;)¢e0,1) a-stable process in RY, i.e. self-similar Lévy process with Z,,; ~ m*/*Z,
for all m > 0 and some stability index a € (0, 2]

e X is in the domain of attraction (DoA) of Z if
d
X' = (Xst/g(t))sefon) > Z astlO

for g(t) = tY/*G(1/t), where G € SV, is slowly varying (Vc > 0: limy_o0 %(&C)) =1)

e X in normal (resp. non-normal) DoA if lim,_,~ G(u) exists in (0,00) (resp. otherwise)

. . . . S d
Main question: what is the rate of convergence in Wasserstein distance of Xt — Z as t | 07?
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g-Wasserstein distance W, for any g € (0, c0)
For any R9valued stochastic processes X = (Xt)eco,) and Y = (Vi) eefo,1
1/(qV1)

Wo(X,Y) = inf E| sup |X, -9 , qg >0,
x'<xyly te[0,1]

where infimum is over all couplings (X', Y’) with X’ <4 X and % 4 Y (|| L>-norm on RY)
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where the infimum is taken over all couplings (¢',¢’) with &’ g &and ¢’ g ¢. Clearly we have
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? <We(XH, Z) <7 ast]0

Classical bounds (e.g. Berry-Esseen) cannot be used as the limit Z does not have the
second (let alone higher!) moment and typically the uniform integrability fails.

Important to consider 0 < g < 1, so that Wy(X*, Z) < oo for g € (0, )
A good upper bound in the Berry-Esseen case requires KMT-coupling of BM and
pure-jump Lévy process [Rio09]. Comparing to BM in our case is futile.

We need a new coupling of the pure-jump parts of the Lévy processes X and Z to get an
upper bound, asymptotically matching (or close to) (as t | 0) the lower bound.
Lower bounds hold for all Lévy processes in the domain of attraction:

normal case: Kantorovich's duality & the Toscani-Fourier lower bound
non-normal case: extension of [BG18] for Prokhorov distance lower bound.



Where are asymptotics of W,(X*, Z) (as t | 0) relevant?

Controlling bias due to the discretisation error on a fixed time horizon [Ival8]

Quantifying model misspecification risk [BM19]

Analysing Euler scheme for Lévy driven SDEs, where the Lévy driver is substituted by a
stable process

Estimating semimartingale characteristics of a jumps process using high-frequency data

Setting



Overview of the results

Recall Xt = (Xst/(tl/aG(l/t)))se[m] 9 Z as t |0, where G € SVo..

(x) S g(x) as x L 0if 3¢, x0 > 0, s.t. f(x) < cg(x) for all x € (0, x0).
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Recall X' = ( St/(tl/aG(l/t)))SE [0,1] 9, Z as t |0, where G € SVo.. Under some regularity
assumptions, for a € (0,2) \ {1} and g € (0, @) N (0, 1] with E[|X1|9] < oo, we have:
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1f(x) S g(x) as x L 0if Ic,x > 0, s.t. f(x) < cg(x) for all x € (0, x0).
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Coupling general pure-jump Lévy processes X and Y

Let =x and =y be the PPPs of jumps of X and Y, respectively, with corresponding
compensated measures =x = =x — Leb® vx and =y = =y — Leb® vy.

Dg(’n —/ ]1{|v\<n}V§X(d57dV)a th’f€ —/ ]I{MZ,{}VE)((dS,dV),
[0,¢]x (RI\{0}) (0,¢]x (RI\{0})

DtY’ILi —/ 1{|V‘<N}V§y(d5,dV), JtyJi =
[0,¢]x(RY\{0})

= / ]1{|V‘ZN}VEy(dS,dV).
[0,6]x (R¥\{0})
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Coupling general pure-jump Lévy processes X and Y

Let =x and =y be the PPPs of jumps of X and Y, respectively, with corresponding
compensated measures =x = =x — Leb® vx and =y = =y — Leb® vy.

Dg(’n —/ ]1{|V‘<N}V§x(d$,dv), JtX"L€ —/ ]l{|v‘2,{}vzx(ds,dV),
[0,¢]x (RI\{0}) (0,¢]x (RI\{0})

D" _/ LIy (ds,dv),  J7" _/ Ljjyj>rpvEy(ds, dv).

[0,¢]x (RI\{0}) (0,¢]x (RI\{0})

Since X = DX* 4+ JX% and Y = DY + JY%, we need to couple the PPPs =x and =y.

Coupling Lévy processes



Thinning coupling

e Choose any Lévy measure 1 on RY that satisfies 1 > vx, vy with Radon-Nikodym
derivatives bounded by 1, i.e. fx = dvx/du <1 and fy = dvy/du <1 on supp(u).
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e Choose any Lévy measure 1 on RY that satisfies 1 > vx, vy with Radon-Nikodym
derivatives bounded by 1, i.e. fx = dvx/du <1 and fy = dvy/du <1 on supp(u).

o Let PPP = =3 d(u,v,) on (0,1] x RY have mean measure Leb ® 1

o Let (¥n)nen be a sequence of iid U[0, 1] random variables, independent of =
Define the PPPs

=x =) LcnvyOunvy  and  Zy =Y L <h (v,)0(Un V)
neN neN

Mapping theorem = =x and =y have mean measures Leb ® vx and Leb ® vy, respectively.
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Figure: We see the atoms of =x and =y from the thinning coupling.
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Bounds for the thinning coupling of general Lévy processes X and Y

Proposition 1
The coupling (DX, DY+, JX% JY:*) defined by the thinning coupling, implies the following
inequality, for all g € (0,1]:

q/2
Wa(X, ¥) < Irx — vyl + (4 L LenlvPIiw) - fy(v)m(dv))

\{0}
Ex = Sy lT 4 / 1o V191c(v) — F (v) (V).
RI\{0}
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Comonotonic coupling of X and Y with Lévy measures vx and vy

Assums vx, vy have radial decomposition [LeP81, p. 282]: for B € B(RY \ {0}),
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Comonotonic coupling of X and Y with Lévy measures vx and vy

Assums vx, vy have radial decomposition [LeP81, p. 282]: for B € B(RY \ {0}),

VX(B):/Sd_l /OOO]IB(XV)pg((dx, Vox(dv), VY(B):/SH /OoonB(xv)pOY(dx, oy (dv).

where {p% (-, v)} ege-1 is a family of Lévy measures on (0,00) and ox probability on S9~1.
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Comonotonic coupling of X and Y with Lévy measures vx and vy

Assums vx, vy have radial decomposition [LeP81, p. 282]: for B € B(RY \ {0}),

x(B) —/ / 1g(xv)p%(dx, v)ox(dv), vy / / 1s(xv)p% (dx, v)oy(dv).
Sd-1 Sd—1

where {p% (-, v)} ege-1 is a family of Lévy measures on (0,00) and ox probability on S9~1.
Let 0 := (ox + oy)/2 be probability measure on SY~! and note fZ(v) = ox(dv)/o(dv) < 2
and fg(v) = oy(dv)/o(dv) < 2 and
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Comonotonic coupling of X and Y with Lévy measures vx and vy

Assums vx, vy have radial decomposition [LeP81, p. 282]: for B € B(RY \ {0}),

x(B) —/ / 1g(xv)p%(dx, v)ox(dv), vy / / 1s(xv)p% (dx, v)oy(dv).
Sd-1 Sd—1

where {p% (-, v)} ege-1 is a family of Lévy measures on (0,00) and ox probability on S9~1.
Let 0 := (ox + oy)/2 be probability measure on SY~! and note fZ(v) = ox(dv)/o(dv) < 2
and fg(v) = oy(dv)/o(dv) < 2 and

B—/ /]levpxdxv)(dv B—/ /]levpydxv)(dv)
§d-1 Sd-1

where px (-, v) == fZ(v)p% (-, v) and py (-, v) = fZ(v)p% (-, v).
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Comonotonic coupling of X and Y with Lévy measures vx and vy

x(B) —/ / 1g(xv)px(dx, v)o(dv), vy / / 1g(xv)py(dx, v)o(dv).
§d-1 Sd-1

For every v € S971, let u > pi (u, v) (resp. u s py (u, v)) be the generalised inverse of
x = px([x,00), v) (resp. x = py([x, 0), v)).
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Comonotonic coupling of X and Y with Lévy measures vx and vy

x(B) —/ / 1g(xv)px(dx, v)o(dv), vy / / 1g(xv)py(dx, v)o(dv).
§d-1 Sd-1

For every v € S971, let u > pi (u, v) (resp. u s py (u, v)) be the generalised inverse of
x = px([x,00), v) (resp. x = py([x, 0), v)).
Construction inspired by [Ros01, LeP81]:

o Let (I'n)new RW with standard exponential increments,
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Comonotonic coupling of X and Y with Lévy measures vx and vy

x(B) —/ / 1g(xv)px(dx, v)o(dv), vy / / 1g(xv)py(dx, v)o(dv).
§d-1 Sd-1

For every v € S971, let u > pi (u, v) (resp. u s py (u, v)) be the generalised inverse of
x = px([x,00), v) (resp. x = py([x, 0), v)).
Construction inspired by [Ros01, LeP81]:

o Let (I'n)nenw RW with standard exponential increments, independent of iid-U|0, 1]
sequence (Up)pen
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Comonotonic coupling of X and Y with Lévy measures vx and vy

x(B) —/ / 1g(xv)px(dx, v)o(dv), vy / / 1g(xv)py(dx, v)o(dv).
§d-1 Sd-1

For every v € S971, let u > pi (u, v) (resp. u s py (u, v)) be the generalised inverse of
x = px([x,00), v) (resp. x = py([x, 0), v)).
Construction inspired by [Ros01, LeP81]:

o Let (I'n)nenw RW with standard exponential increments, independent of iid-U|0, 1]
sequence (Up)pen

e Let (V,)nen iid random vectors on S9=1 with law o, independent of (U, ) nen
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Comonotonic coupling of X and Y with Lévy measures vx and vy

x(B) —/ / 1g(xv)px(dx, v)o(dv), vy / / 1g(xv)py(dx, v)o(dv).
§d-1 Sd-1

For every v € S971, let u > pi (u, v) (resp. u s py (u, v)) be the generalised inverse of
x = px([x,00), v) (resp. x = py([x, 0), v)).
Construction inspired by [Ros01, LeP81]:

o Let (I'n)nenw RW with standard exponential increments, independent of iid-U|0, 1]
sequence (Up)pen

e Let (V,)nen iid random vectors on S9=1 with law o, independent of (U, ) nen

e Define PPP = on [0,1] x (0,00) x S9~1 with mean measure Leb ® Leb ® o

== duravy:  =(ds,dx,dv) = Z(ds,dx,dv) — ds ® dx ® o(dv).

neN
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Comonotonic coupling of X and Y with Lévy measures vx and vy

For any € € (0,00) (and even € = 0o when X and Y both have jumps of finite variation), we
can write the small-jump components of X and Y as

mX :/ vpi (x, v)=(ds, dx, dv),
[0,t] x (e,00) xS9—1

MtY:/ vpy (x, v)=(ds, dx, dv).
[0,t] x (e,00) xS9—1
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Comonotonic coupling of X and Y with Lévy measures vx and vy

For any € € (0,00) (and even € = 0o when X and Y both have jumps of finite variation), we
can write the small-jump components of X and Y as

mX :/ vpi (x, v)=(ds, dx, dv),
[0,t] x (e,00) xS9—1

MtY:/ vply (x, v)=(ds, dx, dv).

[0,t] x (e,00) xS9—1

The big-jump components can similarly be written as

Lf:/ vpx (x, v)=(ds, dx, dv), LQ/:/ vpy (x, v)=(ds,dx, dv).
[0,£]% (0,¢] xS9—1 [0,£]x(0,e] xS9—1
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Comonotonic coupling of X and Y with Lévy measures vx and vy

For any € € (0,00) (and even € = 0o when X and Y both have jumps of finite variation), we
can write the small-jump components of X and Y as

mX :/ vpi (x, v)=(ds, dx, dv),
[0,t] x (e,00) xS9—1

MtY:/ vpy (x, v)=(ds, dx, dv).
[0,t] x (e,00) xS9—1

The big-jump components can similarly be written as
LX :/ vpx (x,v)Z(ds,dx,dv), LY :/ vpy (x, v)=(ds,dx, dv).
[0,£]% (0,¢] xS9—1 [0,£]x(0,e] xS9—1

Then we have X; = woxt + ZxBX + MX + LX and Y; = wyt + ZyBY + MY + LY for
some constants wx, @y € R? and all t € [0, 1].
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Figure: We see the atoms of =x and =y from the comonotonic coupling.
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Bound for the comonotonic coupling

Proposition 2

For any € € (0,00) (and even e = oo when X and Y are of finite variation), the coupling
(MX, MY LX LY) implies the following inequality, for any q € (0, 1]:

q/2
WX, ¥) < foox — (7 + (4 [ k) =t mfaxe o(av))

€,00)xSd-1

FEx =Syl 4 / 10 (x, v) = P (x, v)|%dx @ o(dv).

(0,e] xS4—1
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Domain of attraction to a Brownian motion

Theorem 5.1

Let 3 be a symmetric non-negative definite matrix on RY*? and define
X' = ((XBst + Yst)/V1)scpo,1) for t € (0,1] where (Bt)sefo,1) is a standard Brownian motion
on RY independent of the tempered c-stable Lévy process Y .
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Domain of attraction to a Brownian motion

Theorem 5.1

Let X be a symmetric non-negative definite matrix on R9*9 and define
X' = ((2Bst + Yst)/V't)sepoq) for t € (0,1] where (Bt)epo,1) s a standard Brownian motion
on R independent of the tempered a-stable Lévy process Y .

(a) Suppose that Y is of infinite variation, that o € [1,2) and fix any € > 0 such that
a—+e<2. Then,

Wi(XE,2B) = O(t/(eF9-1/2) - a5t 0.

Coupling Lévy processes




Domain of attraction to a Brownian motion

Theorem 5.1

Let X be a symmetric non-negative definite matrix on R9*9 and define

X' = ((2Bst + Yst)/V't)sepoq) for t € (0,1] where (Bt)epo,1) s a standard Brownian motion
on R independent of the tempered a-stable Lévy process Y .

(a) Suppose that Y is of infinite variation, that o € [1,2) and fix any € > 0 such that

a—+e<2. Then,
Wi(XE,2B) = O(t/(eF9-1/2) - a5t 0.

(b) There exist some C, > 0, such that Wi (X{, X By) > C.t1=/2 for all sufficiently small
t > 0.
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