Non-asymptotic bounds for forward processes in
denoising diffusions: Ornstein-Uhlenbeck is hard
to beat

Miha Bresar and Aleksandar Mijatovic¢
Department of Statistics

vy

WARWICK

THE UNIVERSITY OF WARWICK
19 August 2024
Part I: setting and key results

EPSRC

Engineering and Physical Sciences
Research Council

EP/W006227/1 & EP/V009478/1



Denoising Diffusion Probabilistic Models (DDPMs)

Fixed forward diffusion process

Noise



Denoising Diffusion Probabilistic Models (DDPMs)

Fixed forward diffusion process

-y &

Data distribution py and forward SDE

Data
Noise

dZ, = b(Z,)dt + o(Z,)dB:, with Zo ~ po.

u}

o)
I
i

it



Denoising Diffusion Probabilistic Models (DDPMs)

Fixed forward diffusion process

Data

Generative reverse denoising process

Data distribution py and forward SDE (with stationary law 77)
dZ, = b(Z,)dt + o(Z,)dB,, with Zo ~ po.
For T > 0, time-reversed process (Z7_t)¢e(o, 7] 4 (Z)te[O,T] satisfies
SDE, started at Z 4 Z7,
4% = ~(b(Z) 3V - o

where a = 00T and g; is the marginal density of Z; [And82].

7)) - %a(Z)Vx log q7—¢(Z:))dt + o(2,)dB,,
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SDE for Z yields an approximate simulation algorithm for the data
distribution po [Che+22; CDS23]:
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Euler “type” schemes for Z and Z lead to the discretisation error

||p0 - E(Z')HTV é ||PPO(ZT € ) - 7TZ||TV + Escoreﬁ"_ <C:disc\/?
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Assumption (DATA): multi-modality of initial data law

For po € M1 r(R?), there exists xo € R? with |xo| = R(1 + J), such
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Remark. In (DATA), no assumptions on moments, log-concavity,
existence of density of py or KL-divergence KL(po||Gauss) < oo.
In particular, (DATA) allows for the Manifold Hypothesis [FMN16].
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Convergence of OU process and cut-off
Ornstein-Uhlenbeck (OU) process: dX; = —X,dt + v/2dB;

Proposition

Assume pg € M1 g satisfying (DATA) with R large. Consider
the OU process X and its Gaussian invariant measure wx and
recall b, = po(B(x0, R0)). Then

P (X7, € ) —7x|lTv = bp/2 >> €
for T, = log R — max{+/2log(1/¢),1} and
P (X7, € ) — mxllv <€

for T. = log R + log(1 + 26) + log(1/¢).

Remark: Fixing the values of 4§, ¢ leads to a cut-off like phenomenon i.e.,



Simulation of OU: d = 32 x 32 with R = 13

We simulate OU process X started at an image of dimension d = 32 x 32
and measure distance between marginal X; and the Gaussian invariant
measure Tx.

Kolmegorov-Smirnov Statistics for OU Process with R=13
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Simulation of OU: d = 1024 x 1024 with R = 255

We simulate OU process X started at an image of dimension
1024 x 1024 and measure distance between the OU marginal X; and the
Gaussian invariant measure 7.

Kolmogorov-Smirnov for OU process with R=255
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Simulation of OU: d = 1024 x 1024 with R = 255

We simulate OU process X started at an image of dimension
1024 x 1024 and measure distance between the OU marginal X; and the
Gaussian invariant measure 7.

Kolmogorov-Smirnov for OU process with R=255
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Can replacing the OU process X with an ergodic diffusion Y speed-up
the convergence in the presence of large R?
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Assume h(x) ~ |x|P as |x| — oo for p € (0,1). Then, by [DFG09;
BM24], for any ¢ > 0 and all t € [1,00) we set g = p/(2 — p) and get

C_(y)exp(—c_t™) < |[B,(Y: € ) — 7]y < Ca(y)exp(—cst™). (1)
Compare to tempered Langevin diffusion for £ > 0:

dYe = —he(x)? 7Y (he(x) — 20)Vhe(x)dt + V2h (V) dB:.
For¢:=1/p—1>0, we get:

e multiplicative noise h;(x)* ~ |x|*~P and drift, both sublinear, and

® the rate in (1) is exponential!!
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Class of forward processes:

e tempered Langevin diffusion Y with drift b satisfying |b(x)| < u|x]
for a fixed constant u > 0;

® invariant measure 7 of Y is spherically symmetric,
7(B3(r3)xR¥73) >1-¢/2 and 2r3; <R? forsmall 0 < <<1,

where Bs(r3) is the closed ball in R® with radius (r — 1)'/2.

Theorem

Let (DATA) hold and pick po € M g -(R9) with distance to
furthst mode R sufficiently large. For Y in the class above,

1—
P (YT, €)=n|lTv > (by—€)/2 >> €, with T, = (Mﬁ) log R.

Moreover, the OU process X satisfies

(1+B)

1P (X7ou € -) —7x|lTv <&, where Toy = T log R.
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Our theorem suggests that the terminal time horizon T for the forward
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The growth T, = log R motivates the use of Schrédinger bridges [De
+21] and development of efficient sampling algorithms for uniformly
ergodic diffusions [Liv+19]

Can cut-off for the reverse process be proved rigorously?
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