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See part | for for the context and connection to DDPMs.




Assumption (DATA): multi-modality of initial data law
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that b, = po(B(x0, R0)) and po(B(0, R(1 4+ 26))¢) < /2.
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Remark. In (DATA), no assumptions on moments, log-concavity,
existence of density of py or KL-divergence KL(po||Gauss) < oo.
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For po € M1 r(R?), there exists xo € R? with |xo| = R(1 + J), such
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Remark. In (DATA), no assumptions on moments, log-concavity,
existence of density of py or KL-divergence KL(po||Gauss) < oo.
In particular, (DATA) allows for the Manifold Hypothesis [FMN16].
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Assumption (ForProc): Forward process dynamics

Consider a d > 3 dimensional ergodic SDE with invariant measure 7
() the drift b exhibits at most linear growth in each direction:

[(b(x), u/|u])| < [(x,u/|ul)| forall x € RY and u e RY\ {0}.

(1) for some k € {3,...,d} and any y; € R? with |y;| = 1, there exist
ON base {yi,...,yx} of V s.t. ON projection Gy : R — ) and
dispersion a = oo satisfy

k

S (@ y) = 3(a6y, Gy) onRY, Gy = (1+[Gy) Y26y (1)
j=1

Note that for a(x) = o?(x)Id (1) holds iff k > 3.
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Theorem

Let the data distribution py € Mi g c(R?) satisfy (DATA) and the
diffusion Y satisfy (ForProc), respectively, for some
0<e¢,0,8<<1landR,r € (0,00) with2r, < R. Then we have

R
Py (YT, € -)—7|lTv > (bp—€)/2 >>¢, where T. = log <2r)
k

The OU process X satisfies:

||PP0(XTOU € ) - 7TX||TV <§g,

where Tou = max{log(2d*/*/c'/?),log(2R(1 + 26)/¢)}.
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Assumption (DATA) <> (ForProc)

Let (DATA) and (ForProc) hold with dimension d, distance to the
furthest mode R, its radius 6 and error tolerance €.

(i) R > e/2d1/4.
Assume the following holds for 0 < 5 << 1 small.
(i) R® > 2(1 +26)/e.

(iii) the €/2-quantile r, of the k-dimensional projection onto 7:
7({x € RY: |Gy(x)]? +1 < r2}) > 1 — /2 satisfies 2r, < RP.
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Main result in the context of DDPMs

Corollary
Let the data distribution py € M1 g (RY) and the diffusion Y

satisfy (DATA)+ (ForProc) with parameters R, pu € (0, 00) and
0<e,0,8<<1. Then we have

1Py (YT, € -)—||Tv > (bp—€)/2 > ¢, where Tc =(1—f)logR.
The OU process X satisfies

1P (X7ou € ) —mx|lrv <€, where Touy = (1+ ) logR.
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dX; = b(X:)dt + o(X;)dB:,  Xo = x, m-invariant, heavy tailed
Hairer's idea [Hai09], a good lower bound
IPu(Xr € ) = mllew = 7({]-] = 1) — Pu(X7] = 1),
Reverse situation: light tailed 7= with multi-modal p

[Boo(X7 € ) = mllrv 2 w({| - | < r}) = Py (IX7] < r).
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Lemma

Let X be a Markov process with a generator A and an invariant
measure . Assume that H : RY — [0,1] is such that H € D(A).
Assume AH < ¢ o H on RY with ¢ : [0,1] — (0,1) increasing
concave. Fix pg € M1(R") and T > 1.

Then, for every r > 1, it holds that

[Poo (X7 € ) = 7llTv

> n({H 2 1/r}) - po({H = C..1}) - /{ e (Tl

_ T
where =) (T) = fH(x) ﬁds
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> w({H > 1/r})) = pol{H = C.1}) - /{ e (Do),

Natural choice H(x) = (1 + |x|)~ .
Problem with a high dimension d: 7({H > 1/r}) > 1—¢, if r ~/d.

Solution: projection to critical submanifold ), related to Manifold
hypothesis [De 22].
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[Poo (X7 € ) = 7llTv

> w({H > 1/r}) — pol{H = C.1}) - /{ e Eab (Do),

(DATA) For pg € My g (R?), there exists xo € R? with |x| = R(1 + 9),
such that b, = po(B(x0, RJ)).

(ForProc) Let y1 = xo/|x0|, k € {3,...,d}, y1,...,yx ON base of Y
with ON base yi,...,yx and Gy projection of x onto ) such that

K
> (ayi, ) > 3(aGy/(1+[Gyl), Gy/(1+1Gy|)) onRY  (2)
j=1

Our function

H = Hy(x) = (14 |Gy(x)|?)"? satisfies AHy < Hy  on RY
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Lower bound

|Ppo(XT € -) = 7llTv

>n({Hy > 1/r}) — po({Hy > rexp(T)}) — /{H . re;z((z))

po(dx),

Note that for some ry, e, we have m({Hy > 1/r}) > 1—¢/2.

(DATA) The furthest mode |xp| = R(1 + 6) satisfies b, = po(B(x0,0R)).

R
1Py (YT, € ) —7|Tv > (b, —€)/2 >¢, where T, =log (Zrk>

Upper Bounds: Explicit density of OU + Pinsker's inequality.
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Concluding remarks

Our robust approach is self-contained and applicable in a more general
setting.

We provide lower bounds for the convergence of the forward process. The
bounds for the reverse process and the full algorithm remain open.

Thank you!
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