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Motivation: ergodic elliptic diffusion in Rn

Let
dXt = b(Xt)dt + σ(Xt)dBt

and denote Σ = σσ⊺.

Let α, β, γ ∈ (0,∞) and ℓ ∈ [0, 2), with mc := 2 + (2α− γ)/β > 2− ℓ.
Assume as |x | → ∞:

⟨b(x), x/|x |⟩ ∼ −α|x |ℓ−1, ⟨Σ(x)x/|x |, x/|x |⟩ ∼ β|x |ℓ, Tr(Σ(x)) ∼ γ|x |ℓ

Then [FR05] X is ergodic with stationary measure π and

∥Px(Xt ∈ ·)− π(·)∥TV ≤ Ct−mc/(2−ℓ)+1 for t ∈ [1,∞).
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Upper bounds and Lyapunov drift conditions: summary

X = (Xt)t∈R+ irreducible Markov on a locally compact space X .

Let V : X → [1,∞) continuous, ϕ : [1,∞) → [1,∞) increasing, concave,
A ∈ B(X ) petite set and b ∈ R+, such that

V (X ) +

∫ ·

0

ϕ ◦ V (Xu)du − b

∫ ·

0

1{Xu ∈ A}du is a supermartingale,

By [MT93; DFG09; Hai21]

(a) X Harris recurrent with invariant π and
∫
X ϕ ◦ V (x)π(dx) < ∞

(b) ∥Px(Xt ∈ ·)− π(·)∥TV ≤ CV (x)

ϕ◦H−1
ϕ (t)

, where Hϕ(u) =
∫ u

1
ds
ϕ(s)

How about the lower bounds?
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L-drift condition L(V, φ,Ψ)

V : X → [1,∞) cts, lim supt→∞ V (Xt) = ∞ and b, ℓ0 ∈ [0,∞)

(i) φ : (0, 1] → R+ continuous, rφ(1/r) ↓ 0 as r ↑ ∞ and

1/V (X )−
∫ ·

0

φ(1/V (Xu))du−b

∫ ·

0

1{V (Xu) ≤ ℓ0}du supermart.

(ii) For Ψ : [1,∞) → [1,∞) submultip., any ℓ > ℓ0, ∃Cℓ > 0 s.t.

Px(T
(r) < S(ℓ)) ≥ Cℓ/Ψ(r) for all ℓ+ 1 < V (x) < r < ∞ where

T (r) := inf{t ≥ 0 : V (Xt) > r}, S(ℓ) := inf{t ≥ 0 : V (Xt) < ℓ}.
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Remark.

(ii) holds if Ψ ◦ V (X ) + b

∫ ·

0

1{V (Xu) ≤ ℓ0}du is a submartingale.



Lower bounds on convergence rates
Lε,q(r) := rφ(1/r)Ψ(2r/(1− q))(log log r)ε, r ∈ [1,∞).

Theorem (Lower Bounds)
Let L(V, φ,Ψ) hold.
(a) For any ε, q ∈ (0, 1), there exists cε,q > 0 such that

π(V ≥ r) ≥ cε,q/Lε,q(r) for all r ∈ [1,∞).

(b) Assume:
(i) For functions h : [1,∞) → [1,∞) and v : X × R+ → [1,∞),
Ex [h ◦ V (Xt)] ≤ v(x , t) for all x ∈ X and t ∈ R+.

(ii) Let a : [1,∞) → R+ with a(r) ≤ cε,q/Lε,q(h−1(r)) be such
that A(r) := ra(r) ↑ ∞ as r → ∞.

Then, for all x ∈ X and t ∈ [1,∞), we have

(a ◦ A−1 ◦ (2v))(x , t)/2 ≤ ∥Px(Xt ∈ ·)− π(·)∥TV.
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Elliptic diffusion X in Rn: polynomial tails of π

dXt = b(Xt)dt + σ(Xt)dBt .

Let α, β, γ ∈ (0,∞) and ℓ ∈ [0, 2), with mc := 2 + (2α− γ)/β > 2− ℓ.
Assume as |x | → ∞:

⟨b(x), x/|x |⟩ ∼ −α|x |ℓ−1, ⟨Σ(x)x/|x |, x/|x |⟩ ∼ β|x |ℓ, Tr(Σ(x)) ∼ γ|x |ℓ

X satisfies L(V, φ,Ψ) for any ε > 0 with (for large x ∈ Rn and r ≥ 1):

V (x) = |x |mc−ε, φ(1/r) = r (ℓ−3)/(mc−ε)/C0, Ψ(r) = r1+2ε/(mc−ε)

Recall

π(V ≥ r) ≥ cε,q
Lε,q(r)

, where Lε,q(r) := rφ(1/r)Ψ(2r/(1− q))(log log r)ε.

Hence, by Theorem LB(a), we get

π({|x | ≥ r}) ≥ cπ/r
mc+ℓ−2+2ε for all r ∈ [1,∞).
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Elliptic diffusion X in Rn: polynomial ergodicity

dXt = b(Xt)dt + σ(Xt)dBt .

Let α, β, γ ∈ (0,∞) and ℓ ∈ [0, 2), with mc := 2 + (2α− γ)/β > 2− ℓ.
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Hence, for k ∈ [0, ℓ+ (2α− γ)/β) and ηk := (mc − k)/(2− ℓ)− 1 > 0,
all x ∈ Rn and small ε > 0, we have

ck,ε/t
ηk+ε ≤ ∥Px(Xt ∈ ·)− π(·)∥1+|x|k ∀t ∈ [1,∞).

Our lower bounds match the well-known upper [FR05] bounds: ∀x ∈ Rn

ck,ε/t
ηk+ε ≤ ∥Px(Xt ∈ ·)− π(·)∥1+|x|k ≤ Ck,ε/t

ηk−ε ∀t ∈ [1,∞).
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Special case: Langevin diffusions in Rn

π̃ : Rn → (0,∞) proportional to density of π

dXt = ∇(log π̃)(Xt)dt + dBt .

Assume ⟨∇(log π̃)(x), x/|x |⟩ ∼ −α/|x | as |x | → ∞ with α > n/2.

Hence ℓ = 0, γ = n, β = 1 and η0 = (2α− n)/2. By Theorem LB(b)

cTV/t
(2α−n)/2+ε ≤ ∥Px(Xt ∈ ·)− π(·)∥TV ≤ CTV/t

(2α−n)/2−ε

Alternatively:

lim
t→∞

log ∥Px(Xt ∈ ·)− π(·)∥TV

log t
= −(2α− n)/2
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Elliptic diffusions: stretched exponential ergodicity

dXt = b(Xt)dt + σ(Xt)dBt .

Assume: for p ∈ (0, 1] and ℓ ∈ [0, 2p), we have

−αL ≤ ⟨b(x), x/|x |⟩/|x |ℓ−p ≤ −αU & βL ≤ ⟨Σ(x)x/|x |, x/|x |⟩/|x |ℓ ≤ βU .

X satisfies L(V, φ,Ψ) with (for large x ∈ Rn and r ≥ 1):

V (x) = |x |, φ(1/r) = r ℓ−2−p, Ψ(r) = exp(r1−p)

h(r) = exp(r1−p) ensures superlinear growth of Ex [h ◦ V (Xt)] in t.

Lower bounds in Theorem LB match well-known upper [DFG09] bounds:

cπ/ exp(bπr
1−p) ≤ π({x ∈ Rn : |x | ≥ r}) ≤ Cπ/ exp(Bπr

1−p),

c/ exp(bt(1−p)/(1+p−ℓ)) ≤∥Px(Xt ∈ ·)− π(·)∥TV ≤ C/ exp(Bt(1−p)/(1+p−ℓ)).

Exponential ergodicity: analogous bounds hold for p = 0 = ℓ.
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Lévy driven Ornstein-Uhlenbeck process
Let µ ∈ (0,∞) and L be a pure-jump Lévy process in R. Let X satisfy

dXt = −µXtdt + dLt .

Assume. For some mc > 1, Lévy measure ν of L satisfies

0 < lim inf
r→∞

(log r)mcν([r ,∞)) ≤ lim sup
r→∞

(log r)mcν([r ,∞)) < ∞

(ν(−∞,−r) less heavy than ν[r ,∞) & arbitrary path variation allowed)

X satisfies L(V, φ,Ψ) with (for large x ∈ Rn and r ≥ 1):

V (x) = log x , φ(1/r) = r−2, Ψ(r) = rmc

h(r) = rmc−ε ensures Ex [h ◦ V (Xt)] < ∞ and linear growth in t.

Lower bounds from Theorem LB match upper bounds [FR05]: ∀ε > 0,

cπ/(log r)
mc−1+ε ≤ π([r ,∞)) ≤ Cπ/(log r)

mc−1−ε,

c/tmc−1+ε ≤ ∥Px(Xt ∈ ·)− π(·)∥TV ≤ C/tmc−1−ε.
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dXt = −µXtdt + dLt .

Assume. For some mc > 1, Lévy measure ν of L satisfies
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dXt = −µXtdt + dLt .

Assume. For some mc > 1, Lévy measure ν of L satisfies
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Concluding remarks

First general Lyapunov drift conditions for lower bounds on the stability
of ergodic Markov processes (to the best of our knowledge)

Our results complement and extend existing theory on Lyapunov drift
conditions for stability of ergodic Markov processes [DFG09; Dou+18]

Extends ideas from [Hai21] to stochastic dynamics with (possibly)
multiplicative noise and without explicit invariant measure.

Mixing times and decay of correlations in Ergodic theory [Sar02] via
Rogozin’s Renewal Error estimates.

Thank you for your attention!
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