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L-drift condition L(V, ¢, W)

X ergodic Markov, positive Harris recurrent with invariant measure 7.

V:X —[1,00) cts, limsup,_, . V(Xt) = oo and b, 4y € [0, o)
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L-drift condition L(V, ¢, W)

X ergodic Markov, positive Harris recurrent with invariant measure 7.

VX —[1,00) cts, limsup,_, ., V(X;) = oo and b, 4 € [0, 0)
(i) ©»: (0.1] — R continuous, re(1/r) L 0 as r 1 oo and

1/V(X)—/0A ;(l/V(Xu))du—b/o. V0% < Ay Supamer,
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L-drift condition L(V, ¢, W)

X ergodic Markov, positive Harris recurrent with invariant measure 7.

VX —[1,00) cts, limsup,_, ., V(X;) = oo and b, 4 € [0, 0)

(i) continuous, rp(1/r) L 0 as r 1 oo and

1/V(X)—/ (l/V(Xu))du—b/ 1{V(X,) < lo}du supermart.
0 0

(ii) For W : [1,00) — [1,00) submultip., any £ > £y, 3C; > 0 s.t.

P (T < Swy) = C/V(r) forall £+ 1< V(x) < r < oo where

T :=inf{t >0: V(X:) > r}, Sp):=inf{t >0: V(X;) < {}.




L-drift condition I
[e] le]e] (0

1I: Invariant measure 111: Convergence rate

L-drift condition L(V, ¢, W)

X ergodic Markov, positive Harris recurrent with invariant measure 7.

References

VX —[1,00) cts, limsup,_, ., V(X;) = o0 and b, 4 € [0, 00)
(i) continuous, ry(1/r) | 0 as r 1 oo and

(ii) For W : [1,00) — [1, 00) submultip., any £ > ¢, 3C; > 0 s.t.
P (TV < Swy) > C/V(r) forall £41 < V(x) < r < oo where

TO = inf{t >0: V(X;) > r}, Sy = inf{t >0: V(X;) < {}.

1/V(X)—/0. (l/V(Xu))du—b/o']l{V(Xu)géo}du TR

Remark.

(i) holds if ¥ o V(X) + b/ 1{V(X,) < {y}du is a submartingale.

0
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Lower bounds on convergence rates

Theorem (Lower Bounds)
Let L(V, , W) hold and recall

Leq(r) :=ro(1/r)W(2r/(1 = q))(loglogr)®, r € [1,00).
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Lower bounds on convergence rates

Theorem (Lower Bounds)
Let L(V, , W) hold and recall

Leq(r) :=ro(1/r)W(2r/(1 = q))(loglogr)®, r € [1,00).
(a) Foranye,q € (0,1), there exists c. q > 0 such that

T(V >r) > ceq/Leqg(r) forallrell,00).
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Lower bounds on convergence rates

Theorem (Lower Bounds)
Let L(V, , W) hold and recall

Leg(r) :==ro(1/r)W(2r/(1 —q))(loglogr)®, rel,00).
(a) Foranye,q € (0,1), there exists c. q > 0 such that

T(V >r) > ceq/Leqg(r) forallrell,00).
(b) Assume:
(i) For increasing h : [1,00) — [1,00) and v : X x R, — [1,00),
Ex[ho V(X:)] < v(x,t) forall x € X and t € R,.
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Lower bounds on convergence rates

Theorem (Lower Bounds)
Let L(V, , W) hold and recall

Leg(r)=r V(2r/(1—q))(loglogr)®, re]l,0).
(a) Foranye,q € (0,1), there exists c. q > 0 such that

T(V >r) > ceq/Leqg(r) forallrell,00).
(b) Assume:
(i) For increasing h : [1,00) — [1,00) and v : X x R — [1,00),
Ex[ho V(X:)] < v(x,t) forall x € X and t € R,.
(i) Let a: [1,00) — Ry with a(r) < c..q/Le.q(h™2(r)) be such
that A(r) := ra(r) T 0o as r — oo.
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Lower bounds on convergence rates

Theorem (Lower Bounds)
Let L(V, , W) hold and recall
Leg(r)=r V(2r/(1—q))(loglogr)®, re]l,0).
(a) Foranye,q € (0,1), there exists c. q > 0 such that
T(V >r) > ceq/Leqg(r) forallrell,00).
(b) Assume:

(i) For increasing h : [1,00) — [1,00) and v : X x R — [1,00),
Ex[ho V(X:)] < v(x,t) forall x € X and t € R,.

(i) Let a: [1,00) — Ry with a(r) < c..q/Le.q(h™2(r)) be such
that A(r) := ra(r) T co as r — oc.

Then, for all x € X and t € [1,00), we have

(ao A7 o (2v))(x,1)/2 < ||[Pe(X; € -) — 7()|| V-
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Strategy of the proof

Doeblin: analyse stability of X using excursions from a petite set.
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Strategy of the proof

Doeblin: analyse stability of X using excursions from a petite set.

For 6 > 0 and a bounded measurable set D, define a return times

75(D) :=inf{t > d: X; € D}

References
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Strategy of the proof

Doeblin: analyse stability of X using excursions from a petite set.

For 6 > 0 and a bounded measurable set D, define a return times

75(D) :=inf{t > d: X; € D}

References

and additive functionals fo ) ho V(X;)ds for non-decreasing function h.
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Strategy of the proof

Doeblin: analyse stability of X using excursions from a petite set.

For 6 > 0 and a bounded measurable set D, define a return times

75(D) :=inf{t > d: X; € D}
and additive functionals fOT‘S(D) ho V(X;)ds for non-decreasing function h.
Skeleton of the proof of Theorem LB in three Steps:

L(V, 2, W) 222" jower bound on P, (fOT‘;(D) ho V(Xs)ds > r) & every

petite set is bounded
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Strategy of the proof

Doeblin: analyse stability of X using excursions from a petite set.

For 6 > 0 and a bounded measurable set D, define a return times
75(D) :=inf{t > d: X; € D}
and additive functionals fo ) ho V(X;)ds for non-decreasing function h.

Skeleton of the proof of Theorem LB in three Steps:
L(V, 2, W) 22 jower bound on Py ( 7OV ho v(X,)ds > r) & every

petite set is bounded “2%"" lower bound on 7({V >r})
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Strategy of the proof

Doeblin: analyse stability of X using excursions from a petite set.

For 6 > 0 and a bounded measurable set D, define a return times
75(D) :=inf{t > d: X; € D}
and additive functionals fOT‘S(D) ho V(X;)ds for non-decreasing function h.

Skeleton of the proof of Theorem LB in three Steps:

L(V,p,W) 2! | ower bound on Py ( OT‘;(D) ho V(Xs)ds > r) & every

petite set is bounded 3.1 | ower bound on a({V >r})

S | ower bound on IPx(X: € ) — 7()||Tv
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Step I(a): return times to bounded sets

By L-drift condition L(V/, ¢,

v)

(i) (1/V(X) = fy o(1/V(X)
(i) Po(TO) < Sgy) = Co/W(r) for all £+ 1 < V(x) < r, where

T = mf{t >0: V(X)) > r}, Spy =inf{t >0: V(X,) <}

we have

)ds)tcr, is a supermartingale.
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Step I(a): return times to bounded sets

By L-drift condition L(V/, ¢,

v)

(i) (1/V(X) = fy o(1/V(X)
(i) Po(TO) < Sgy) = Co/W(r) for all £+ 1 < V(x) < r, where

T = mf{t >0: V(X)) > r}, Spy =inf{t >0: V(X,) <}

we have

)ds)tcr, is a supermartingale.

~
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Step I(a): return times to bounded sets

By L-drift condition L(V/, ¢, W) we have
(i) (1/V(X) fo ©o(1/V(Xs))ds)eer, is a supermartingale.
(i) Po(TO) < Sy) = Co/VW(r) forall £4+1 < V(x) <

YA p (100 < 8) > Co/u(r,) A
7

References
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Step I(a): return times to bounded sets

By L-drift condition L(V/, ¢, W) we have
(i) (1/V(X) fo ©o(1/V(Xs))ds)eer, is a supermartingale.
(i) Po(TO) < Sy) = Co/VW(r) forall £4+1 < V(x) <

YA p (100 < 8) > Co/u(r,) A
7

(St > (1= )/@2p(1/)r) 2 4

Px o)
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Step I(a): return times to bounded sets
By L-drift condition L(V/,, W) we have
(i) (1/V(Xe) = fy #(1/V(Xs))ds)ser, is a supermartingale.
(i) Po(TO < Sgy) = Co/W(r) forall £4+1< V(x)<r

ZY_ P (T2 < S(g)) > Co/¥(ry) N

Px oy Sy = (1= q)/(20(1/r)r)) = q:

Po(Siey = (1= q)/(20(1/r)r)) = qP.(T") < S))

T(ra) Sir)
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Step I(a): return times to bounded sets
By L-drift condition L(V/,, W) we have
(i) (1/V(Xe) = fy #(1/V(Xs))ds)ser, is a supermartingale.
(i) Po(TO < Sgy) = Co/W(r) forall £4+1< V(x)<r

VA (100 < S)) > Cu(r,) R
Tq == =

Px_ ., (Se) = (1=a)/(20(1/r)r)) = ¢

Vi) y7 e ) o G\
. P,(Swy = (1= q)/(2p(1/r)r)) = qP, (T < Sip))
7o) Str) Sy t
G V(x) < 2Gi(t)
Thus, Vx € X, we have P(Sy > t) > o IS sonle)
q, V(X) Z 1—q

where Gj is the inverse of r — % (Recall g € (0,1) arbitrary!)
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Step I(a): return times to bounded sets
By L-drift condition L(V/,, W) we have
(i) (1/V(Xe) = fy #(1/V(X;))ds)ser, is a supermartingale.
(i) Po(TO) < Spy) = Co/V(r) forall £4+1< V(x)<r

b R0 < S) = Gy i
, Px ) (St 2 (1 - )/ (20(1/7)r)) 2 q
V(z) ) o :
L Pe(S0 2 (1= 0)/@p(1/r)r) 2 Po(T") < S0):
T(re) Sy Sy t
M ly, P /Sm ho V(Xs)d Ce
ore generally, ” o s)ds>t| >q ,
0 V(26h(t)/(1 - q))
(1—q)h(r)

for any non-decreasing h, where Gy, is the inverse of r — 5 (1) -
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Step I(b): petite sets are bounded

B is a petite set if 3 independent time 7, and positive measure v, s.t.

)EQ}CE]P’X(XTa €)>v() onB(X).

If 7, = top > 0 is constant, B is a small set.
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Step I(b): petite sets are bounded

B is a petite set if 3 independent time 7, and positive measure v, s.t.

)jg];PX(X” €)>v() onB(X).

If 7, = tg > 0 is constant, B is a small set. Assume B is small.

Then 3¢ > 1st. v(V < /) > 0. Recall S :=inf{t >0: V(X;) < ¢}
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Step I(b): petite sets are bounded

B is a petite set if 3 independent time 7, and positive measure v, s.t.

)jg];PX(X” €)>v() onB(X).

If 7, = tg > 0 is constant, B is a small set. Assume B is small.
Then 3¢ > 1st. v(V < /) > 0. Recall S :=inf{t >0: V(X;) < ¢}
Forany x € X, if P.(S(y) > to) > 1 —v(V < /), then

P (V(Xy) <€) <v(V < 0), implying x ¢ B.
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Step I(b): petite sets are bounded

B is a petite set if 3 independent time 7, and positive measure v, s.t.

)jg];PX(X” €)>v() onB(X).

If 7, = tg > 0 is constant, B is a small set. Assume B is small.
Then 3¢ > 1s.t. v(V < /) > 0. Recall S :=inf{t >0: V(X;) </}
Forany x € X, if P.(S(y) > to) > 1 —v(V < /), then

P (V(Xy,) <€) < v(V <), implying x ¢ B.
By Step I(a), for every x € {V > 2G;(ty)/(1 — q)}, we have
Pu(Se) = t0) > q:=1—v(V <)
where Gj is the inverse of r — (1 — q)/(2r¢(1/r)). Hence

B c{V <2Gi(t)/(1—-q)}.
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Step Il From return times to invariant measures

Meyn and Tweedie [MT93]: Let H: X — [1,00) be measurable. Then:

75(D)
VD petite, 39 > 0 s.t. sup E, [/ H(X;)ds
xeD 0

=00 / H(x)m(dx) = o0
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Step Il From return times to invariant measures

Meyn and Tweedie [MT93]: Let H: X — [1,00) be measurable. Then:

5(D)
VD petite, 39 > 0 s.t. sup E, l/ H(X;)ds
xeD 0

=00 / H(x)m(dx) = o0

Step I: since any petite D is bounded, V increasing h : [1,00) — [1, 00),

75(D) (xx) C
P, (/0 hoV(Xs)d52t> S S el

where G, is the inverse of r — (1 — q)h(r)/(2rp(1/r)).
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Step Il From return times to invariant measures

Meyn and Tweedie [MT93]: Let H: X — [1,00) be measurable. Then:

75(D)
VD petite, 39 > 0 s.t. sup E, l/ H(X;)ds
0

xeD

=00 / H(x)m(dx) = o0

Step I: since any petite D is bounded, V increasing h : [1,00) — [1, 00),

75(D) (xx) C
P, (/0 hoV(Xs)d52t> S S el

where G, is the inverse of r — (1 — q)h(r)/(2rp(1/r)).
Integral test (%), inequality (%) and a technical construction imply:

T(V >r) > cq/Leq(r) forall re[l,00), where

Leg(r):=r V(2r/(1 - q))(loglog r)°.
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Lower bounds on convergence rates

Theorem (Lower Bounds)

Let L(V, », W) hold.
(a) For any e,q € (0,1), there exists c. q > 0 such that

m(V >r)>cq/leq(r) forallrel[l,oco).

(b) Assume:
(i) For functions h : [1,00) — [1,00) and v : X x R, — [1,00),
Ex[ho V(X:)] < v(x,t) forallx € X and t € R,.

(i) Let a: [1,00) — Ry with a(r) < c..q/Le q(h™1(r)) be such
that A(r) := ra(r) 1 oo as r — oc.

Then, for all x € X and t € [1,00), we have

(ao A7 o (2v))(x,1)/2 < ||[Pe(X; € -) — 7()|| v
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Step Ill: From invariant measure to convergence

We have increasing h such that

Exlho V(X)) < vix.t) & a(r) < cq/leg(h™(r)) <m(hoV >7)
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Step Ill: From invariant measure to convergence

We have increasing h such that
Ex[ho V(X)] < vix.t) & a(r) < cq/leg(h™(r)) <m(hoV >r)
By Hairer's argument [Hai21],

[Bo(Xe € ) — 7()llav = 7({ho V > r}) — By(ho V(Xe) = 1)
>a(r) —v(x.t)/r,

For t € [1,00), choose r(t) such that r(t)a(r(t)) = A(r(t)) =2v(x,1t).
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Step Ill: From invariant measure to convergence

We have increasing h such that
Ex[ho V(X)] < vix.t) & a(r) < cq/leg(h™(r)) <m(hoV >r)
By Hairer's argument [Hai21],

IBu(X € ) = 7y = 7({ho V = r}) — Pu(ho V(X) = 1)
>a(r) —v(x.t)/r,

For t € [1,00), choose r(t) such that r(t)a(r(t)) = A(r(t)) =2v(x,1t).

The f-variation distance alternative takes the following form:

() = Pe(Xe € )]s = /{G> AT ~ BFXL(G06) 2 1)

where G := (ho V)/f is assumed to be increasing.
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Concluding remarks

[Hai21] produces lower bounds on convergence rates from lower bounds
on 7. Our framework makes these ideas applicable to a broad range of
ergodic Markov processes and extends [Hai21, Thm 5.1] to f-variation.
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Concluding remarks

[Hai21] produces lower bounds on convergence rates from lower bounds
on 7. Our framework makes these ideas applicable to a broad range of
ergodic Markov processes and extends [Hai21, Thm 5.1] to f-variation.

Key idea: estimating the drift of 1/V and V yields good lower bounds
on tails of return times to any petite set.
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Concluding remarks

[Hai21] produces lower bounds on convergence rates from lower bounds
on 7. Our framework makes these ideas applicable to a broad range of
ergodic Markov processes and extends [Hai21, Thm 5.1] to f-variation.

Key idea: estimating the drift of 1/V and V yields good lower bounds
on tails of return times to any petite set.

Proofs are probabilistic and self contained, except the dependence on
the integral test for invariant measures [MT93, Thm 1.2(b)].
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