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L-drift condition I: Return times II: Invariant measure III: Convergence rate References

L-drift condition L(V, φ,Ψ)

X ergodic Markov, positive Harris recurrent with invariant measure π.

V : X → [1,∞) cts, lim supt→∞ V (Xt) = ∞ and b, ℓ0 ∈ [0,∞)

(i) φ : (0, 1] → R+ continuous, rφ(1/r) ↓ 0 as r ↑ ∞ and

1/V (X )−
∫ ·

0

φ(1/V (Xu))du−b

∫ ·

0

1{V (Xu) ≤ ℓ0}du supermart.

(ii) For Ψ : [1,∞) → [1,∞) submultip., any ℓ > ℓ0, ∃Cℓ > 0 s.t.

Px(T
(r) < S(ℓ)) ≥ Cℓ/Ψ(r) for all ℓ+ 1 < V (x) < r < ∞ where

T (r) := inf{t ≥ 0 : V (Xt) > r}, S(ℓ) := inf{t ≥ 0 : V (Xt) < ℓ}.



L-drift condition I: Return times II: Invariant measure III: Convergence rate References

L-drift condition L(V, φ,Ψ)

X ergodic Markov, positive Harris recurrent with invariant measure π.

V : X → [1,∞) cts, lim supt→∞ V (Xt) = ∞ and b, ℓ0 ∈ [0,∞)

(i) φ : (0, 1] → R+ continuous, rφ(1/r) ↓ 0 as r ↑ ∞ and

1/V (X )−
∫ ·

0

φ(1/V (Xu))du−b

∫ ·

0

1{V (Xu) ≤ ℓ0}du supermart.

(ii) For Ψ : [1,∞) → [1,∞) submultip., any ℓ > ℓ0, ∃Cℓ > 0 s.t.

Px(T
(r) < S(ℓ)) ≥ Cℓ/Ψ(r) for all ℓ+ 1 < V (x) < r < ∞ where

T (r) := inf{t ≥ 0 : V (Xt) > r}, S(ℓ) := inf{t ≥ 0 : V (Xt) < ℓ}.



L-drift condition I: Return times II: Invariant measure III: Convergence rate References

L-drift condition L(V, φ,Ψ)

X ergodic Markov, positive Harris recurrent with invariant measure π.

V : X → [1,∞) cts, lim supt→∞ V (Xt) = ∞ and b, ℓ0 ∈ [0,∞)

(i) φ : (0, 1] → R+ continuous, rφ(1/r) ↓ 0 as r ↑ ∞ and

1/V (X )−
∫ ·

0

φ(1/V (Xu))du−b

∫ ·

0

1{V (Xu) ≤ ℓ0}du supermart.

(ii) For Ψ : [1,∞) → [1,∞) submultip., any ℓ > ℓ0, ∃Cℓ > 0 s.t.

Px(T
(r) < S(ℓ)) ≥ Cℓ/Ψ(r) for all ℓ+ 1 < V (x) < r < ∞ where

T (r) := inf{t ≥ 0 : V (Xt) > r}, S(ℓ) := inf{t ≥ 0 : V (Xt) < ℓ}.



L-drift condition I: Return times II: Invariant measure III: Convergence rate References

L-drift condition L(V, φ,Ψ)
X ergodic Markov, positive Harris recurrent with invariant measure π.

V : X → [1,∞) cts, lim supt→∞ V (Xt) = ∞ and b, ℓ0 ∈ [0,∞)

(i) φ : (0, 1] → R+ continuous, rφ(1/r) ↓ 0 as r ↑ ∞ and

1/V (X )−
∫ ·

0

φ(1/V (Xu))du−b

∫ ·

0

1{V (Xu) ≤ ℓ0}du supermart.

(ii) For Ψ : [1,∞) → [1,∞) submultip., any ℓ > ℓ0, ∃Cℓ > 0 s.t.

Px(T
(r) < S(ℓ)) ≥ Cℓ/Ψ(r) for all ℓ+ 1 < V (x) < r < ∞ where

T (r) := inf{t ≥ 0 : V (Xt) > r}, S(ℓ) := inf{t ≥ 0 : V (Xt) < ℓ}.

Remark.

(ii) holds if Ψ ◦ V (X ) + b

∫ ·

0

1{V (Xu) ≤ ℓ0}du is a submartingale.
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Lower bounds on convergence rates

Theorem (Lower Bounds)
Let L(V, φ,Ψ) hold and recall

Lε,q(r) := rφ(1/r)Ψ(2r/(1− q))(log log r)ε, r ∈ [1,∞).

(a) For any ε, q ∈ (0, 1), there exists cε,q > 0 such that

π(V ≥ r) ≥ cε,q/Lε,q(r) for all r ∈ [1,∞).

(b) Assume:
(i) For increasing h : [1,∞) → [1,∞) and v : X × R+ → [1,∞),
Ex [h ◦ V (Xt)] ≤ v(x , t) for all x ∈ X and t ∈ R+.

(ii) Let a : [1,∞) → R+ with a(r) ≤ cε,q/Lε,q(h−1(r)) be such
that A(r) := ra(r) ↑ ∞ as r → ∞.

Then, for all x ∈ X and t ∈ [1,∞), we have

(a ◦ A−1 ◦ (2v))(x , t)/2 ≤ ∥Px(Xt ∈ ·)− π(·)∥TV.
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Strategy of the proof

Doeblin: analyse stability of X using excursions from a petite set.

For δ > 0 and a bounded measurable set D, define a return times

τδ(D) := inf{t > δ : Xt ∈ D}

and additive functionals
∫ τδ(D)

0
h ◦V (Xs)ds for non-decreasing function h.

Skeleton of the proof of Theorem LB in three Steps:

L(V , φ,Ψ)
Step I
=⇒ lower bound on Px

(∫ τδ(D)

0
h ◦ V (Xs)ds > r

)
& every

petite set is bounded
Step II
=⇒ lower bound on π({V ≥ r})

Step III
=⇒ lower bound on ∥Px(Xt ∈ ·)− π(·)∥TV
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Step I(a): return times to bounded sets

By L-drift condition L(V , φ,Ψ) we have

(i) (1/V (Xt)−
∫ t

0
φ(1/V (Xs))ds)t∈R+ is a supermartingale.

(ii) Px(T
(r) < S(ℓ)) ≥ Cℓ/Ψ(r) for all ℓ+ 1 ≤ V (x) < r , where

T (r) = inf{t ≥ 0 : V (Xt) > r}, S(ℓ) = inf{t ≥ 0 : V (Xt) < ℓ}

V (x)

V

S(ℓ) t

ℓ



L-drift condition I: Return times II: Invariant measure III: Convergence rate References

Step I(a): return times to bounded sets

By L-drift condition L(V , φ,Ψ) we have

(i) (1/V (Xt)−
∫ t

0
φ(1/V (Xs))ds)t∈R+ is a supermartingale.

(ii) Px(T
(r) < S(ℓ)) ≥ Cℓ/Ψ(r) for all ℓ+ 1 ≤ V (x) < r , where

T (r) = inf{t ≥ 0 : V (Xt) > r}, S(ℓ) = inf{t ≥ 0 : V (Xt) < ℓ}

V (x)

V

S(ℓ) t

ℓ



L-drift condition I: Return times II: Invariant measure III: Convergence rate References

Step I(a): return times to bounded sets

By L-drift condition L(V , φ,Ψ) we have

(i) (1/V (Xt)−
∫ t

0
φ(1/V (Xs))ds)t∈R+ is a supermartingale.

(ii) Px(T
(r) < S(ℓ)) ≥ Cℓ/Ψ(r) for all ℓ+ 1 ≤ V (x) < r

V (x)

Px(T
(rq) < S(ℓ)) ≥ Cℓ/Ψ(rq)

rq := 2r
1−q

V

S(ℓ) tT (rq)

r

ℓ



L-drift condition I: Return times II: Invariant measure III: Convergence rate References

Step I(a): return times to bounded sets

By L-drift condition L(V , φ,Ψ) we have

(i) (1/V (Xt)−
∫ t

0
φ(1/V (Xs))ds)t∈R+ is a supermartingale.

(ii) Px(T
(r) < S(ℓ)) ≥ Cℓ/Ψ(r) for all ℓ+ 1 ≤ V (x) < r

V (x)

Px(T
(rq) < S(ℓ)) ≥ Cℓ/Ψ(rq)

rq := 2r
1−q

V

S(ℓ) tT (rq)

r
PX

T
(rq)

(S(r) ≥ (1− q)/(2φ(1/r)r)) ≥ q

S(r)

ℓ



L-drift condition I: Return times II: Invariant measure III: Convergence rate References

Step I(a): return times to bounded sets
By L-drift condition L(V , φ,Ψ) we have

(i) (1/V (Xt)−
∫ t

0
φ(1/V (Xs))ds)t∈R+ is a supermartingale.

(ii) Px(T
(r) < S(ℓ)) ≥ Cℓ/Ψ(r) for all ℓ+ 1 ≤ V (x) < r

V (x)

Px(T
(rq) < S(ℓ)) ≥ Cℓ/Ψ(rq)

rq := 2r
1−q

V

S(ℓ) t

Px(S(ℓ) ≥ (1− q)/(2φ(1/r)r)) ≥ qPx(T
(rq) < S(ℓ))

T (rq)

r
PX

T
(rq)

(S(r) ≥ (1− q)/(2φ(1/r)r)) ≥ q
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Thus, ∀x ∈ X , we have Px(S(ℓ) ≥ t) ≥

{
q Cℓ

Ψ(2G1(t)/(1−q)) , V (x) < 2G1(t)
1−q ,

q, V (x) ≥ 2G1(t)
1−q ,

where G1 is the inverse of r 7→ 1−q
2rφ(1/r) (Recall q ∈ (0, 1) arbitrary!)
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More generally, Px

(∫ S(ℓ)

0

h ◦ V (Xs)ds ≥ t

)
≥ q

Cℓ

Ψ(2Gh(t)/(1− q))
,

for any non-decreasing h, where Gh is the inverse of r 7→ (1−q)h(r)
2rφ(1/r) .
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Step I(b): petite sets are bounded
B is a petite set if ∃ independent time τa and positive measure ν, s.t.

inf
x∈B

Px(Xτa ∈ ·) ≥ ν(·) on B(X ).

If τa ≡ t0 > 0 is constant, B is a small set.

Assume B is small.

Then ∃ℓ > 1 s.t. ν(V ≤ ℓ) > 0. Recall S(ℓ) := inf{t > 0 : V (Xt) ≤ ℓ}.

For any x ∈ X , if Px(S(ℓ) > t0) > 1− ν(V ≤ ℓ), then

Px(V (Xt0) ≤ ℓ) < ν(V ≤ ℓ), implying x /∈ B.

By Step I(a), for every x ∈ {V > 2G1(t0)/(1− q)}, we have

Px(S(ℓ) ≥ t0) > q := 1− ν(V ≤ ℓ)

where G1 is the inverse of r 7→ (1− q)/(2rφ(1/r)). Hence

B ⊂ {V ≤ 2G1(t0)/(1− q)}.
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B is a petite set if ∃ independent time τa and positive measure ν, s.t.

inf
x∈B

Px(Xτa ∈ ·) ≥ ν(·) on B(X ).

If τa ≡ t0 > 0 is constant, B is a small set. Assume B is small.

Then ∃ℓ > 1 s.t. ν(V ≤ ℓ) > 0. Recall S(ℓ) := inf{t > 0 : V (Xt) ≤ ℓ}.

For any x ∈ X , if Px(S(ℓ) > t0) > 1− ν(V ≤ ℓ), then

Px(V (Xt0) ≤ ℓ) < ν(V ≤ ℓ), implying x /∈ B.

By Step I(a), for every x ∈ {V > 2G1(t0)/(1− q)}, we have

Px(S(ℓ) ≥ t0) > q := 1− ν(V ≤ ℓ)

where G1 is the inverse of r 7→ (1− q)/(2rφ(1/r)). Hence

B ⊂ {V ≤ 2G1(t0)/(1− q)}.



L-drift condition I: Return times II: Invariant measure III: Convergence rate References

Step II From return times to invariant measures

Meyn and Tweedie [MT93]: Let H : X → [1,∞) be measurable. Then:

∀D petite, ∃δ > 0 s.t. sup
x∈D

Ex

[∫ τδ(D)

0

H(Xs)ds

]
= ∞ (⋆)⇒

∫
X
H(x)π(dx) = ∞

Step I: since any petite D is bounded, ∀ increasing h : [1,∞) → [1,∞),

Px

(∫ τδ(D)

0

h ◦ V (Xs)ds ≥ t

)
(⋆⋆)

≥ C

Ψ((1− q)Gh(t)/2)
, for t ∈ [1,∞),

where Gh is the inverse of r 7→ (1− q)h(r)/(2rφ(1/r)).
Integral test (⋆), inequality (⋆⋆) and a technical construction imply:

π(V ≥ r) ≥ cε,q/Lε,q(r) for all r ∈ [1,∞), where

Lε,q(r) := rφ(1/r)Ψ(2r/(1− q))(log log r)ε.
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Lower bounds on convergence rates

Theorem (Lower Bounds)
Let L(V, φ,Ψ) hold.
(a) For any ε, q ∈ (0, 1), there exists cε,q > 0 such that

π(V ≥ r) ≥ cε,q/Lε,q(r) for all r ∈ [1,∞).

(b) Assume:
(i) For functions h : [1,∞) → [1,∞) and v : X × R+ → [1,∞),
Ex [h ◦ V (Xt)] ≤ v(x , t) for all x ∈ X and t ∈ R+.

(ii) Let a : [1,∞) → R+ with a(r) ≤ cε,q/Lε,q(h−1(r)) be such
that A(r) := ra(r) ↑ ∞ as r → ∞.

Then, for all x ∈ X and t ∈ [1,∞), we have

(a ◦ A−1 ◦ (2v))(x , t)/2 ≤ ∥Px(Xt ∈ ·)− π(·)∥TV.
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Step III: From invariant measure to convergence

We have increasing h such that

Ex [h ◦ V (Xt)] ≤ v(x , t) & a(r) ≤ cε,q/Lε,q(h
−1(r)) ≤ π(h ◦ V ≥ r)

By Hairer’s argument [Hai21],

∥Px(Xt ∈ ·)− π(·)∥TV ≥ π({h ◦ V ≥ r})− Px(h ◦ V (Xt) ≥ r)

≥ a(r)− v(x , t)/r ,

For t ∈ [1,∞), choose r(t) such that r(t)a(r(t)) = A(r(t)) = 2v(x , t).

The f -variation distance alternative takes the following form:

∥π(·)− Px(Xt ∈ ·)∥f ≥
∫
{G≥r}

f (x)π(dx)− Ex [f (Xt)1{G (Xt) ≥ r}],

where G := (h ◦ V )/f is assumed to be increasing.
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Concluding remarks

[Hai21] produces lower bounds on convergence rates from lower bounds
on π. Our framework makes these ideas applicable to a broad range of
ergodic Markov processes and extends [Hai21, Thm 5.1] to f -variation.

Key idea: estimating the drift of 1/V and V yields good lower bounds
on tails of return times to any petite set.

Proofs are probabilistic and self contained, except the dependence on
the integral test for invariant measures [MT93, Thm 1.2(b)].
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