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Stochastic drift model

Bessel process X of stochastic dimension
(Y, B) adapted in R x R, B Brownian Motion, X in R, := [0, c0),

(s, Y,
xtzxo+/ (S'X Vs + B, Xo>0.
0

S

(Ar) Continuous f : R2 — (0, 00) with f(t,y) ~ pt?y™ as t,y — oo for
some constants p € (0,00) and «,v € Ry, such that o+~ > 0.

Let Y be a squared Bessel process of positive “dimension” ¢ € (0, 00):

BESQ’(y): = 6dt +2Y}2dW,, for Yo=y € R,.



X exhibits anomalous diffusion.

Path of dX, = %dt + dB,, where Y ~ BESQ'(0) (here f(t,y) = \/y)
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Figure: Simulated path t — X; on [0, T], with T = 10°, and graph of t — /4.
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X appears to be superdiffusive!



Main result

BESQ(y):  dY; =ddt+2Y2dW,, for Yo=y e R, 6 € (0, 0)

Theorem (Y-Bes)

Assume f(t,y) ~ ptTy® as t,y — oo with v+ o > 0. Adapted process
(X,Y,B), Y ~BESQ’(y) with § >0 and X in R satisfies

t£(s, Y.
thxo+/ 8 Y) v 8. x>0
o X

Then X has the following asymptotic properties.
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Main result

BESQ(y):  dY; =ddt+2Y2dW,, for Yo=y e R, 6 € (0, 0)

Theorem (Y-Bes)

Assume f(t,y) ~ ptTy® as t,y — oo with v+ o > 0. Adapted process
(X,Y,B), Y ~BESQ’(y) with § >0 and X in R satisfies

t£(s, Y.
Xt:Xo+/ %dswat, Xo > 0.
0

S

Then X has the following asymptotic properties.
(1) There is superdiffusive transience, namely,

lim logX: 14+v+a«
| =
t—oo logt 2

, a.s.

(1) There is a distributional limit: let Y ~ BESQ®(0), then

1 1/2
g2y, 4 (2,0/ sy Yso‘ds> , ast — oo.
0
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Ify+a=0(i.e., « =+ =0 and hence f ~ const ), then X close to
Bessel proc. of dimension 1+ 2p > 1 (i.e. diffusive) with random
distributional limit of t~/2X,. Limit in Thm (Y-Bes)(ll) (deterministic
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If Y ergodic with stationary measure 7 and f(s,y) = h(y), then X
behaves as Bessel process of dimension 7(h), i.e. X likely diffusive.
Interesting case is when Y null-recurrent (or transient).
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Theorem (Y-gen)
Let Y satisfy (Ay ) and the adapted process (X, Y, B) be as above. Then
log Xy 14+7+«

im = a.s.
t—oo logt 2 ’ ’

and, as t — oo, for A the random variable in (Ay )(c), we have

t*””’*‘*)/th BN (2p ~> 1/2.
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a.s. limit: for any € > 0 a.s. for all large t we have

(Ay)(b) = U,/t**F >t~ (Ay)(c) = U/t"7 < ¢
Hence,

IogXE _ 2 148 1+
1+8—-¢e< =1+ +log((Xg+t+ M)/t + U /t'7) [logt

log t
<1l+4+p+c¢
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Thank you for your attention!!



