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General class of subordinators

Z driftless infinite activity subordinator, Z0 = 0, with Lévy measure νZ

νZ = νr ,q + λr , where νr ,q(dx) := 1{0<x≤r}ϑe
−qxx−α−1dx , x ∈ (0,∞), (1.1)

for some parameters ϑ ∈ (0,∞), q ⩾ 0, α ∈ (0, 1), r ∈ (0,∞] and

Lévy measure λr on (0,∞) with finite total mass Λr := λr (0,∞) ∈ [0,∞).

This is a general class of subordinators: (1.1) holds if e.g. νZ (dx) = νZ (x)dx has a density

near zero satisfying

ϑ := lim
x↓0

νZ (x)x
α+1 ∈ (0,∞) & lim sup

x↓0
|νZ (x)xα+1 − ϑ|/x <∞.

Setting
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The problem: first passage across a non-increasing curve

τZc

c(t)
ZτZc

ZτZc −

t

Recall:

Z = Y + Q: Y truncated tempered stable; Q compound Poisson with Lévy measure λr
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Flowchart: Algorithm 1
(T ,U,V )← (0, 0, 0), b(t)← min{rρ, c(t)}

Sample (D, J) ∼ Exp(Λr )× λr/Λr

Sample (T ′,U ′,V ′) ∼ L
(
τYb ,YτYb −,YτYb

)

T ′ < D? Sample W ∼ L(YD |{YD < b(D)})

(T ,U,V )← (T + D,V +W ,V +W + J)(T ,U,V )← (T + T ′,V + U ′,V + V ′)

D ← D − T ′

b(t)← min{rρ, c(t + T )− V }

b(0) ≤ 0? b(0) ≤ 0?

b(t)← min{rρ, c(t + T )− V }

Output (T ,U,V )

Yes

Yes Yes

NoNo

No

Z = Y + Q: Y truncated tempered stable; Q compound Poisson with Lévy measure λr



Local behaviour of Algorithm 1

Barrier function b(t) = min{rρ, c(t)}, r truncation parameter, ρ = 1/2

(i) Y crosses b before Q jumps

(ii) Q jumps before Y crosses b

In both cases, the barrier and the triplet are updated and the algorithm checks whether the

original barrier c(t) has been crossed. If not (resp. yes), the procedure is repeated on the

updated barrier and starting point (resp. the updated triplet is returned).
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Algorithm 1 Simulation of χZ
c of a subordinator with Lévy measure in (1.1)

Require: Parameters α, ρ ∈ (0, 1), ϑ ∈ (0,∞), r ∈ (0,∞], q ∈ [0,∞), finite measure λr
in (1.1) and non-increasing function c

1: Set (T ,U,V )← (0, 0, 0), b(t) = min{c(t), rρ}, θ = ϑΓ(1− α)/α and generate

D ∼ Exp(Λr )

2: repeat generate (T ′,U ′,V ′) ∼ L
(
τYb ,YτYb −,YτYb

)
via Algorithm 4

3: if D > T ′ then ▷ Y crosses b before Q jumps

4: Set (T ,U,V )← (T + T ′,V + U ′,V + V ′)

5: Set D ← D − T ′ and b(t) = min{c(t + T )− V , rρ}
6: else if D ≤ T ′ then ▷ Q jumps before Y crosses b

7: Generate W ∼ L (YD |{YD < b(D)}) via Algorithm 2 and J ∼ λr/Λr

8: Set (T ,U,V )← (T + D,V +W ,V +W + J)

9: Generate D ∼ Exp(Λr ) and set b(t) = min{c(t + T )− V , rρ}
10: end if

11: until b(0) ⩽ 0

12: return (T ,U,V )



Key step (I)

Algorithm 2 Simulation from the law of St |{St < s} where St tepmered stable (q > 0)

Require: Parameters α ∈ (0, 1), θ, q, t, s > 0

1: repeat generate E ∼ Exp(1)

2: Generate W from the law of St |{St < s} via Algorithm 3 where S stable (q = 0)

3: until E > qW

4: return W

Algorithm 3 Simulation from the law of St |{St < s} where St stable (q = 0)

Require: Parameters α ∈ (0, 1), θ, t, s > 0

1: Set β = α/(1− α) and generate E ′ ∼ Exp(1)

2: Generate U from the density proportional to 1(0,1)(u) exp
(
− σα(u)(θt)β+1s−β

)
via

Devroye’s algorithm [2]

3: return (s−β + (θt)−β−1E ′/σα(U))−1/β



Key steps(II)

Assumption (FPTS-Alg)

Assume that the running time of the first-passage tempered-stable algorithm (FPTS-Alg) for

generating a sample from the law of
(
τSc ,SτSc −,SτSc

)
has a finite exponential moment. Denote

an upper bound on the expected running time of FPTS-Alg by T0 = T0(α, θ, q, c).

Algorithm 4 Simulation of (τYb ,YτYb −,YτYb
) for a truncated tempered stable subordinator Y

and a function b : [0,∞)→ [0,∞) bounded by the truncation level r

Require: Parameters α, ρ ∈ (0, 1), ϑ ∈ (0,∞), r ∈ (0,∞], q ∈ [0,∞) and b ⩽ r

1: repeat generate (T ,U,V ) ∼ L
(
τSb ,SτSb −

,SτSb

)
via FPTS-Alg

2: until V − U ⩽ r ▷ T is the first crossing time of Y over b

3: return (T ,U,V )

A possible choice of FPTS-Alg is [1, Alg. 1] with a bound T0 given in [1, Thm 2.1].
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Main theorem

Theorem 1

The running time of Algorithm 1 has moments of all orders if FPTS-Alg does. The expected

running time of Algorithm 1 is bounded above by

κ1

(
T0

1− ρα
+ eqmin{c0,rρ}

)(
Λr

ψ0 + ϑΥ(1/(1 + c0), r0, q)
+

c0
rρ

)
, (2.1)

where T0is expected running time of FPTS-Alg, ψ0 :=
∫
(0,∞)(1− e−x/(1+c0))λr0(dx) and the

constant κ1 does not depend on α ∈ (0, 1), ϑ ∈ (0,∞), c0 := c(0) ∈ (0,∞),

Λr = λr (0,∞) <∞, ρ ∈ (0, 1), r ∈ (0, r0] or q ∈ [0,∞).

Υ is explicit and satisfies the following limits:

lim
q→∞

Υ(u, r , q)q = u/2 & lim
u→0

Υ(u, r , q)/u = (q−1 ∧ r ∧ 1)/2.

It is natural to choose the truncation at r = min{r0, 2α/q}.
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When FPTS-Alg is [1, Alg. 1] and ρ = 1/2, r = min{2α/q, r0}, we get

Corollary 1

Expected running time T (α, ϑ, q, c0) of Algorithm 1 is bounded by

κ2
(
(1− α)−3 + | logα|+ logN

)( αΛr0 + ϑ1{2α/q<r0}q
α

ψ0 + ϑΥ(1/(1 + c0), r0, q)
+ c0q

)
/α3

where the constant κ2 does not depend on any of the quantities: α ∈ (0, 1), ϑ ∈ (0,∞),

c0 = c(0) ∈ (0,∞), q ∈ (0,∞) or N ∈ N.

Thus

T (α, ϑ, q, c0) =


O(| logα|α−3), α→ 0,

O((1− α)−3), α→ 1,

O(q(1 + 1{Λr0=0}q
α)), q →∞,

T (α, ϑ, q, c0) =


O(c0), c0 →∞,
O(1), ϑ→ 0,

O(1), ϑ→∞.

Tempered stable bound ([1, Cor. 2.2]): O(q) as q →∞ and O(| logα|α−2) as α→ 0;

in other cases, there is no deterioration.
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simulation of the first passage of a tempered stable subordinator across a non-increasing

function. 2023. arXiv: 2303.11964 [math.PR].

[2] Luc Devroye. “A note on generating random variables with log-concave densities”.

Statistics & Probability Letters 82.5 (2012), pp. 1035–1039.

See also:

https://sites.google.com/view/aleks-mijatovic/research (or comments below the video)

for arXiv link to the preprint

https://sites.google.com/view/aleks-mijatovic/videos for this presentation

GitHub with implementation in Python and Julia of Algorithm 1 above, using

Python and Julia of [1, Algs 1 & 2] (GitHub links embedded in pdf)

https://arxiv.org/abs/2303.11964
https://sites.google.com/view/aleks-mijatovic/research
https://sites.google.com/view/aleks-mijatovic/ videos
www.github.com/fenglin2023/FirstPassageEvent.py
www.github.com/fenglin2023/FirstPassageEvent.jl
https://github.com/jorgeignaciogc/FirstPassageTemperedStable.py
https://github.com/jorgeignaciogc/FirstPassageTemperedStable.jl

	Setting
	
	
	References
	References
	References
	References

