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(D1) D is a smooth domain.

(C1) Σ is bounded, Lipschitz and uniformly elliptic: ⟨Σ(z)v, v⟩ ≥ δ∥v∥2d+1.

(V1) ϕ : ∂D → Rd+1 C2 vector field, supz∈∂D ∥ϕ(z)∥d+1 < ∞ and infz∈∂D⟨ϕ(z), n(z)⟩ > 0.

Here n(z) is the inwards pointing normal for z ∈ ∂D.
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(V2) ⟨ϕ(z), ex⟩ = b′(x)s0 + o(1) and ⟨ϕ(z),−eŷ⟩ = c0 + o(1), x → ∞, for s0, c0 ∈ (0,∞).

Here eŷ = (0, y/∥y∥d) ∈ Rd and normal n(z) =
b′(x)ex−eŷ√

b′(x)2+1
for z ∈ ∂D.

• [MMW22][Thm A.1]: existence and pathwise uniqueness hold for (⋆)
• [BMW23][Thm 4.1]: Pz(τE = ∞) for all z ∈ D and Z is diffusinve:

sup
t∈R+

Ez∥Zt∥2d+1/(1 + t) < ∞.
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Phase transition: recurrence/transience

Critical exponent for the phase transitions will be βc =
c0σ
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Theorem ([BMW23])
Suppose that Assumptions (D2), (C2) and (V2) hold and the
process Z solves SDE (⋆). Then the following statements hold for
all starting points z ∈ D:
(a) if β ∈ (−∞, βc), then Z is recurrent;

(b) if β ∈ (βc , 1), then Z is transient;

(c) if β = βc and additional assumptions are satisfied, then Z is
recurrent.

This theorem extends [Pin09] where (d + 1)-dimensional BM with normal
reflection was studied for β ≥ 0. In that case βc = 1/d .
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Transience: β = 0.65 > 0.5 = βc

Martingale in interior, pushed away at boundary. Normal reflection,
σ2
1 = 0.5, σ2

2 = 1. (If σ2
1 = σ2

2 = 1 in D ⊂ R2, Z not transient.)



Return times of the reflected process

Tails of return times of Z = (X ,Y ) ∈ R+ × Rd below any level r > 0,

ςr := inf{t ∈ R+ : Xt ≤ r}.

The critical exponent in that case is equal to mc := 1
2 (1− β/βc)

Theorem ([BMW23])
Suppose that Assumptions (D2), (C2), (V2) hold and the process
Z solves SDE (⋆). Then the following statements hold.
(a) β ∈ (βc , 1): for any level r ∈ (0,∞) and starting point

z ∈ D ∩ (r ,∞)× Rd , we have Pz(ςr = ∞) > 0.

(b) β ∈ (−∞, βc): for any ε > 0, level r > 0 and starting point
z ∈ D ∩ (r ,∞)× Rd , there exist C1,C2 ∈ (0,∞) such that

C1t
−mc−ε ≤ Pz(ςr ≥ t) ≤ C2t

−mc+ε for all t ∈ (1,∞).
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Null recurrence: β = 0.1 < 1 = βc (mc = 0.45)

Normally reflected BM in an unbounded expanding domain. Tail o return
time decays as t−0.45, t → ∞. (“less” recurrent than scalar BM.)



Invariant distribution and the rate of convergence

Theorem ([BMW23])
Let (D2), (C2), (V2) hold & β < −βc . Then reflected process Z
in (⋆), has a unique invariant distribution π. Define
Mc := −(1 + β/βc)/2 > 0 and pick ϵ > 0.
(a) ∃ constants cπ,Cπ ∈ (0,∞) such that, for r ∈ [1,∞),

cπr
−2Mc−ϵ ≤ π ({z ∈ D : ∥z∥d+1 ≥ r}) ≤ Cπr

−2Mc+ϵ;

(b) for any starting point z ∈ D of Z , ∃ constants
cTV,CTV ∈ (0,∞) such that, for t ∈ [1,∞),

cTVt
−Mc−ϵ ≤ ∥Pz(Zt ∈ ·)− π∥TV ≤ CTVt

−Mc+ϵ.

In particular, as a corollary, we get π(∂D) = 0 and

lim
t→∞

log ∥Pz(Zt ∈ ·)− π∥TV

log t
=

1

2
lim
r→∞

log π({z ∈ D : ∥z∥d+1 > r})
log r

= −Mc .
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Positive recurrence: β = −1.2 < −1 = −βc (Mc = 0.1)

Normally reflected Brownian motion in an unbounded narrowing domain.
Tail decay: π(∥z∥2 > a) ≈ a−0.2; Convergence in TV: t−0.1 as t → ∞.



Remarks

Heuristic dynamics:

dX̃t =
β

βc X̃t

dt + dW̃t , for large times t and values X̃t

• Expanding domain β > 0: Z asymptotically Bessel-like.

• Narrowing domain (β < 0): Z heavy-tailed Langevin diffusion-like.

• Assymptoticaly flat domain (β = 0): Z martingale-like (mc = 1/2).

Lyapunov function have been applied to reflecting BM with interior drift
to get upper bounds on tails of invariant distribution and TV rate [Sar17].

Novelty of our approach:

1 Normally reflected BM exhibits behaviours from transience to
stability in any dimension with no interior drift.

2 Single class of Lyapunov functions covers all non-critical cases.

3 Lower bounds on the tail of invariant distribution and on the rate of
convergence, that match upper bounds.
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Proofs

• Intuition: see Part II of the presentation on this channel!

• Details: M. Brešar, A. Mijatović, & A.R. Wade, Brownian
motion with asymptotically normal reflection in unbounded domains:
from transience to stability, see link to arXiv below the video

Thank you for your attention!!
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