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Assumptions:
(D2) D is generalised parabolic, lim,_, V'(z) = 0 and lim, o &2 b =pe€ ( ,1).

(C2) limy o0 {€x2(2), €2) = 03 and lim, o Tr(2(2)) — 07 = 03, f01 some 07,02 € (0,00).
(V2) (#(2), ex) = b'(z)s0 + o(1) and (p(z), —ey) = co + 0o(1), & — o0, for s,y € (0, 00).

Here ¢ = (0,y/|lyll4) € RY and normal n(z) = % for z € OD.

¢ [MMW?22][Thm A.1]: existence and pathwise uniqueness hold for (x)
e [BMW23][Thm 4.1]: P,(7¢ = o) for all z € D and Z is diffusinve:
sup E.[|Ze[[311/(1+ 1) < oo.
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Theorem ([BMW23])

Suppose that Assumptions (D2), (C2) and (V2) hold and the

process Z solves SDE (x). Then the following statements hold for

all starting points z € D:

(a) if B € (—o0, ), then Z is recurrent;

(b) if 8 € (Bc,1), then Z is transient;

(c) if B = B and additional assumptions are satisfied, then Z is
recurrent.

This theorem extends [Pin09] where (d + 1)-dimensional BM with normal
reflection was studied for 8 > 0. In that case 8. = 1/d.



Transience: 3 = 0.65 > 0.5 = 5,
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X
Martingale in interior, pushed away at boundary. Normal reflection,
02=05,05=1. (If 6?2 =03 =1in D C R? Z not transient.)
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Theorem ([BMW23])

Suppose that Assumptions (D2), (C2), (V2) hold and the process

Z solves SDE (x). Then the following statements hold.

(a) B € (Be,1): for any level r € (0,00) and starting point
z€DN(r,00) x RY, we have P,(s, = ) > 0.

(b) B € (—o0,p.): for any € > 0, level r > 0 and starting point
ze€DN(r,00) x RY, there exist C;, C, € (0,00) such that

Gt e <Py(s, > t) < Gt~ ™" forall t € (1,0).




Null recurrence: 5 =0.1 <1 = g (m. = 0.45)
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X
Normally reflected BM in an unbounded expanding domain. Tail o return
time decays as t 7945, t — co. (“less” recurrent than scalar BM.)
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Invariant distribution and the rate of convergence

Theorem ([BMW23])

Let (D2), (C2), (V2) hold & 3 < —B.. Then reflected process Z
in (x), has a unique invariant distribution 7. Define

M := —(1+ 3/Bc)/2 > 0 and pick € > 0.
(a) 3 constants c,, C; € (0,00) such that, for r € [1,00),

cpr 2Me—e < 7({z€D:||z||lgs1 > r}) < C,r—2Mete.

(b) for any starting point z € D of Z, 3 constants
crv, Cry € (0,00) such that, for t € [1,00),

cryvt™ M < |[Py(Z; € 1) — 7|ty < Cpyt™Mete

.

In particular, as a corollary, we get w(9D) = 0 and

im log |P,(Z: € -) — 7|1V _ 1 im logn({z € D:||z||g+1 > r}) ~ M.
t—o0 log t 2 r—oo log r




Positive recurrence: = —-1.2 < -1 = —f. (M. =0.1)
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X
Normally reflected Brownian motion in an unbounded narrowing domain.
Tail decay: 7(||z||2 > a) ~ a=%?2; Convergence in TV: t7%1 as t — co.
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Heuristic dynamics:

d)~(t = 5~ dt + th, for large times t and values )N(t
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® Expanding domain 8 > 0: Z asymptotically Bessel-like.

® Narrowing domain (8 < 0): Z heavy-tailed Langevin diffusion-like.

e Assymptoticaly flat domain (8 = 0): Z martingale-like (m. = 1/2).
Lyapunov function have been applied to reflecting BM with interior drift
to get upper bounds on tails of invariant distribution and TV rate [Sarl7].

Novelty of our approach:

@ Normally reflected BM exhibits behaviours from transience to
stability in any dimension with no interior drift.

® Single class of Lyapunov functions covers all non-critical cases.

©® Lower bounds on the tail of invariant distribution and on the rate of
convergence, that match upper bounds.
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Proofs

® |Intuition: see Part Il of the presentation on this channel!

e Details: M. BRESAR, A. M1jaTovi¢, & A.R. WADE, Brownian
motion with asymptotically normal reflection in unbounded domains:
from transience to stability, see link to arXiv below the video

Thank you for your attention!!
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