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Path of a Lévy process X and its convex minorant C

t 7→ Xt

t 7→ Ct

(T ,XT )
(0, 0)

Figure: In [1] we characterise, in terms of transition probabilities of X , when t 7→ Ct is smooth and
prove that t 7→ Ct is Lipschitz if and only if X is of finite variation.

Main question. Is C : [0,T ] → R r -Hölder continuous a.s. for some r ∈ (0, 1)?

Put differently, is the Hölder constant sup0≤u<t≤T |Ct − Cu|/(t − u)r finite a.s.?
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Main results: when is C r -Hölder continuous?
Let ν be Lévy measure of X , ν(x) := ν(R \ (−x , x)) and Blumenthal–Getoor index

β := inf

{
p > 0 :

∫ 1

0
ν(x1/p)dx < ∞

}
. Note

∫ 1

0
ν(x1/β)dx need not be finite!

Lévy process X r ∈ (0, 1) Is C r -Hölder continuous?

σ2 > 0 (Brownian component present) 0 < r < 1/2 Yes
1/2 ≤ r < 1 No

σ2 = 0

β ∈ [0, 1] 0 < r < 1 Yes

β ∈ (1, 2]

∫ 1
0 ν(x1/β)dx = ∞

0 < r < 1/β Yes
1/β ≤ r < 1 No

Iβ < ∞ 0 < r ≤ 1/β Yes
1/β < r < 1 No

Table: Critical Hölder exponent: 1/2 · 1σ2>0

+ 1/β · 1β>1,σ2=0

.

where Iβ :=
∫ 1

0 E
[
min{|Xt |/t1/β, 1}β/(β−1)]dt

t . We prove: (
∫ 1

0 ν(x1/β)dx = ∞ =⇒ Iβ = ∞),∫ 1

0
ν(x1/β)dx < ∞ &

∫ 1

0
xν

(
x1/β)2

dx < ∞ =⇒ Iβ < ∞.
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Controlling the Hölder constant

* The convex minorant C is piecewise linear with countably many maximal intervals of
linearity with horizontal lengths (ℓn)n∈N and vertical heights (ξn)n∈N, see e.g. [3].

* For r ∈ (0, 1), define the set of r -slopes of the convex minorant C :

Sr := {ξn/ℓ
r
n : n ∈ N}

* Key inequalities for the Hölder constant:

kr := sup
s∈Sr

|s| ≤ sup
0≤u<t≤T

|Ct − Cu|
(t − u)r ≤

( ∑
s∈Sr

|s|1/(1−r)
)1−r

=: Kr a.s.

* Our main results show that, for most Lévy processes, kr and Kr are simultaneously finite
or infinite, i.e., P({Kr = ∞} ∩ {kr < ∞}) = 0, yielding Table 1.
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* Our main results show that, for most Lévy processes, kr and Kr are simultaneously finite
or infinite, i.e., P({Kr = ∞} ∩ {kr < ∞}) = 0, yielding Table 1.



Controlling the Hölder constant
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Structure of proof: away from criticality (r ∈ (0, 1) \ {1/β} and σ2 = 0)
Proposition 1 (0–1 law for unbounded functionals of the faces of C)

Let ϕ : R× (0,∞) → [0,∞) be measurable, then the sum
∑

n∈N ϕ(ξn, ℓn) is either a.s. finite
or a.s. infinite. Moreover, we have∑

n∈N
ϕ(ξn, ℓn) < ∞ a.s. ⇐⇒

∫ 1

0
E[min{ϕ(Xt , t), 1}]

dt
t < ∞.

kr < ∞ a.s.
∫ 1

0 P(|Xt |/t r > R)t−1dt < ∞ for some R > 0

lim supt↓0 |Xt |/t r < ∞ a.s.∫ 1
0 ν(t r )dt < ∞

Proposition 1

ϕ(x , t) = 1{|x |/tr>R}

Khintchine [4]
Bertoin, Doney, Maller [2]

For r ′ > r , we have Kr
1/(1−r) =

∑
n∈N(|ξn|/ℓr

n)
1/(1−r) ≤ k1/(1−r)

r ′
∑

n∈N ℓ
(r ′−r)/(1−r)
n . Thus

kr ′ < ∞ =⇒ Kr < ∞
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Structure of proof: the critical case (r = 1/β, β > 1 and σ2 = 0)

In the critical case, we show that
∫ 1

0 ν(t1/β)dt = ∞ ⇐⇒ k1/β = ∞ a.s. and
Iβ < ∞ ⇐⇒ K1/β < ∞ a.s.:

K 1/(1−1/β)
1/β =

∑
s∈S1/β

|s|1/β < ∞ a.s. Iβ =
∫ 1

0 E
[
min{|Xt |/t1/β , 1}β/(β−1)]dt

t < ∞

∫ 1
0 ν(t1/β)dt = ∞k1/β = ∞ a.s.

Proposition 1

ϕ(x , t) = (|x |/t1/β)1/(1−1/β)

Proposition 1 & [2, 4]
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Link to arXiv in the description of the video.
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