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Figure: The path of a Cauchy process on [0, 1] and its convex hull [2].
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Piecewise linear convex function and associated set of slopes
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Figure: Piecewise linear convex function C (8 faces)

and corresponding set of slopes S
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Definitions

* Convex minorant C of a path of X is piecewise linear [3] with countably many faces over
maximal subintervals (an, bn) of [0,T ] with

∑
n∈N(bn − an) = T .

* Let C ′ denote the right-derivative of C . Note C ′ is constant on each (an, bn).

* Let S be the set of slopes of the faces of C (i.e. S = {C ′((an, bn)) : n ∈ N}).
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Left, right and two-sided accumulation points of S

Denote by L−(S) (resp. L+(S)) the set of all left (resp. right) limit points of S ⊂ R.
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Let L(S) := L−(S) ∪ L+(S) be the (closed) set of all limit points of S.
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Theorem 1

For any measurable set I ⊆ R, the set S ∩ I is either a.s. finite or a.s. infinite. Moreover, the
cardinality |S ∩ I | of the intersection S ∩ I is infinite a.s. if and only if∫ 1

0
P(Xt/t ∈ I )

dt

t
= ∞. (1)

Theorem 2

The boundary of the convex hull of the graph t 7→ (t,Xt), t ∈ [0,T ], of a path of any Lévy
process X is continuously differentiable (as a closed curve in R2) a.s. if and only if (1) holds
for all intervals I in R. Moreover, this is equivalent to the set S being dense in R a.s.

Corollary 1

The limit sets L(S) and L±(S) of S are deterministic a.s.

Main theorem
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Finite variation X – results

Let ψ(u) = logEe iuX1 = iuγ0 +
∫
R(e

iux − 1)ν(dx) be the Lévy-Khintchine exponent of X .

Lévy process X Derivative C ′ and the limt set L(S) Measure dC ′

Finite variation
(FV)

C ′ bounded below and above; C ′

discontinuous on boundary ∂Ir ,
∀r ∈ S; L(S) = {γ0}, where

γ0 = limt↓0 Xt/t a.s., and γ0 /∈ S

atomic; atoms
accumulate from

left/right or both sides
at a unique (random)
limit point in [0,T ]

Behaviour depends on I− :=
∫ 1
0 P(Xt/t < γ0)

dt
t , I+ :=

∫ 1
0 P(Xt/t > γ0)

dt
t via

L±(S) = {γ0}
Thm 1⇐⇒ I± = ∞ [1]⇐⇒

∫
(−1,1)

max{±x , 0}∫ max{±x ,0}
0 ν∓(y)dy

ν(dx) = ∞,

where ν+(x) := ν((x ,∞)) & ν−(x) := ν((−∞,−x)), x > 0, and ∓ := −(±).

Finite variation (FV)
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Convex minorant C (of an FV Lévy process) and its derivative C ′

I− <∞, I+ = ∞

I+ <∞, I− = ∞

I+ = I− = ∞
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Infinite variation X – results

Recall ψ(u) = logEe iuX1 is the Lévy-Khintchine exponent of X and define

s1(r) :=

∫
R
ℜ 1

1 + iur − ψ(u)
du ∈ (0,∞], r ∈ R.

Lévy process X Derivative C ′ and the limit set L(S) Measure dC ′

s1 ∈ L1loc(r),
∀r ∈ R

C ′ discontinuous on boundary ∂Ir ,
∀r ∈ S;

− limt↓0 C
′(t) = limt↑T C ′(t) = ∞;

L(S) = ∅

atomic; atoms
accumulate only at 0

and T

s1(r) = ∞,
∀r ∈ R

C ′ is continuous on (0,T );
− limt↓0 C

′(t) = limt↑T C ′(t) = ∞;
L(S) = R

singular continuous
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Figure: X of infinite variation (IV). Left: C ; right: C ′

How can we tell which case it is in terms of the local behaviour of the paths of X?
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Abrupt (A) & Strongly Eroded (SE) Lévy processes
Denote Xt− := lims↑t Xs and define the left and right Dini derivatives:

D↑
t := lim supε↑0(Xt+ε − Xt−)/ε and D↓

t := lim infε↓0(Xt+ε − Xt)/ε.

If D↑
t = −∞ and D↓

t = ∞ at every local minimum t of an IV process X , then Vigon [4] calls
X abrupt.

Proposition 1

A Lévy process X is abrupt if and only if L(S) = ∅ a.s.

Infinite variation (IV)
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t = 0 at every local minimum t of an IV process X , then Vigon [4] calls X
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A conjectural dichotomy for IV Lévy processes
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Figure: Convex minorant and its right derivative of an IV Lévy process X
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A conjectural dichotomy

Conjecture 1

Any IV Lévy process is either A or SE. Equivalently, either s1 ∈ L1loc(r), ∀r ∈ R, or s1 = ∞ a.e.

Geometrically, either the Lévy process shoots away from the convex minorant as soon as it
touches it, or it stays close to the convex minorant when it touches it. This is implied by
Vigon’s point-hitting conjecture:

Conjecture 2 ([5, Conject. 1.6])

Let X be an infinite variation process and for any r ∈ R define the Lévy process
X (r) = (Xt − r t)t≥0. Then the following statements are equivalent.
(i) There exists some r ∈ R such that the process X (r) hits points.

( ⇐⇒ s1(r) <∞.)

(ii) For all r ∈ R the process X (r) hits points.

( ⇐⇒ s1(r) <∞, ∀r ∈ R.)

(iii) The process X is abrupt.

( ⇐⇒ s1 ∈ L1loc(r), ∀r ∈ R.)
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Infinite variation X – results
Recall ψ(u) = logEe iuX1 . Note ℜψ(u) ≤ 0, implying ℜ(1/(1+ iur −ψ(u))) > 0 ∀r , u ∈ R and

0 < s1(r) =
1

2π

∫
R
ℜ 1

1 + iur − ψ(u)
du ≤ ∞, r ∈ R.

Connection to hitting points and local time!

Proposition 3

r ∈ L(S) ⇐⇒ s1 /∈ L1loc(r) (i.e. s1 not integrable on any neighbourhood of r ∈ R).

Proof.
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Infinite variation X – results

The set of slopes S is unbounded on both sides for any X of IV, i.e. supS = − inf S = ∞,
and hence − limt↓0 C

′(t) = limt↑T C ′(t) = ∞ a.s.

Any SE (resp. A) process, when perturbed by a finite variation process, is still SE (resp. A).

Proposition 4

Suppose X = Y + Z for (possibly dependent) Lévy processes Y and Z. Let SX and SZ be the
sets of slopes of the faces of the convex minorants of X and Z, respectively. If Y is of FV
(possibly finite activity) with natural drift b, then L(SX ) = L(SZ ) + b.

Recipe to construct many SE and A processes!
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Too much jump activity breaks smoothness

Let σ ≥ 0 be the volatility of the Brownian component of X and define the function
σ2(u) :=

∫
(−u,u) x

2ν(dx) for u > 0. Define the indices:

Lower-activity index: β− := inf
{
p > 0 : lim inf

u↓0
up−2σ2(u) = 0

}
Blumenthal–Getoor index: β+ := inf

{
p > 0 :

∫
(−1,1)

|x |pν(dx) <∞
}

Proposition 5

If
∫∞
1 (1 + u2(σ2 + σ2(1/u)))−1du <∞, then L(S) = ∅ a.s. and hence X is abrupt. In

particular, this is the case if σ2 > 0 or β− > 1.

Note that 0 ≤ β− ≤ β+ ≤ 2, and, for SE process, β− ≤ 1 ≤ β+.
Examples: α-stable processes with α > 1 are abrupt.

Infinite variation (IV)



Too much jump activity breaks smoothness

Let σ ≥ 0 be the volatility of the Brownian component of X and define the function
σ2(u) :=

∫
(−u,u) x

2ν(dx) for u > 0. Define the indices:

Lower-activity index: β− := inf
{
p > 0 : lim inf

u↓0
up−2σ2(u) = 0

}
Blumenthal–Getoor index: β+ := inf

{
p > 0 :

∫
(−1,1)

|x |pν(dx) <∞
}

Proposition 5

If
∫∞
1 (1 + u2(σ2 + σ2(1/u)))−1du <∞, then L(S) = ∅ a.s. and hence X is abrupt. In

particular, this is the case if σ2 > 0 or β− > 1.

Note that 0 ≤ β− ≤ β+ ≤ 2, and, for SE process, β− ≤ 1 ≤ β+.
Examples: α-stable processes with α > 1 are abrupt.

Infinite variation (IV)



Too much asymmetry breaks smoothness

Proposition 6

For IV X with ν(dx) ≪ ν(d(−x)) on an interval x ∈ (0, ε) with Radon-Nikodym derivative
φ(x) satisfying lim infx↓0 φ(x) > 1, then L(S) = ∅ a.s. making X abrupt.

Examples:

* Weakly 1-stable process, i.e. ν((−∞,−x)) = c−x
−1 and ν((x ,∞)) = c+x

−1 for all x > 0
and some c+ ̸= c−.

* Asymmetric Orey’s process (discussed below).

* More generally, if ν((−∞,−x)) = cν((x ,∞)) for all x > 0 and some c ̸= 1.
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Sufficient conditions for X to be strongly eroded (or abrupt)

Corollary 2

Let X be a Lévy process of IV with eψ(u) = Ee iuX1 , u ∈ R.
(i) If lim supu→∞ |ψ(u)/u| <∞, then X is SE.
(ii) If limu→∞ |ψ(u)/u| = ∞, then X is either A or SE.

Most Lévy processes are included! Examples:

(a) Any process attracted to an α-stable process in small-time with α ∈ (1, 2];

(b) We can tell in (ii) whether X is SE or A, e.g. (a) is in A;

(c) 1-semi-stable processes is SE if it is strictly 1-semi-stable and otherwise it is A.

It excludes Lévy processes with lim inf |u|→∞ |ψ(u)/u| <∞ = lim sup|u|→∞ |ψ(u)/u|.
Examples: Orey’s process (see two slides on) and other SE processes (see three slides on).
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Domain of normal attraction to Cauchy process

It is known that the convex hull of a Cauchy process is SE. Similarly, processes in the domain
of normal attraction are also SE:

Example 9.1

* Suppose Xt/t
d−→ S as t ↓ 0 for some Cauchy random variable S , then X is SE.

* Indeed, limt↓0P(Xt/t ∈ (a, b)) = P(S ∈ (a, b)) for any a < b by assumption, so
Theorem 1 immediately gives the claim.

* Such an assumption is satisfied if ν([x ,∞))x → c , ν((−∞,−x ])x → c and∫
(−1,−x]∪[x ,1) yν(dy) → c ′ as x ↓ 0 for some c > 0 and c ′ ∈ R.

There exist abrupt processes attracted to Cauchy process.

Examples



Orey’s process

The following Lévy process satisfies lim infu→∞ |ψ(u)/u| <∞ and lim supu→∞ |ψ(u)/u| = ∞,
making Corollary 2 inapplicable.

Example 9.2

* Fix any α ∈ (1, 2), c± ≥ 0 with c+ + c− > 0 and integer η > 2/(2− α). Set σ = 0,
b = 0 and ν =

∑
n∈N a−αn (c+δan + c−δ−an) for an = 2−η

n
.

* Then X satisfies β− = 0 < α = β+ ∈ (1, 2).

* If c+ ̸= c−, then X is A by Proposition 6.

* If c+ = c−, then s1(0) = ∞, suggesting X may be SE (open problem!).
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Sums of A and SE
Any of the following are possible for independent summands:

* A + A = A,

* A + A = SE,

* A + SE = A,

* A + SE = SE,

* SE + SE = SE,

* SE + SE = A.

These examples can be generated with absolutely continuous Lévy measures with regularly
varying densities (proofs are based on elementary estimates and Karamata’s theorem):

ν(dx)

dx
= |x |−2(℘+(x)1(0,1)(x) + ℘−(x)1(−1,0)(x)), x ∈ R.

The proof requires analysing

s1(r) =

∫
R
ℜ 1

1 + iur − ψ(u)
du balance of ℘+ and ℘−!

Moreover, within this class we may also generate examples of SE processes with
lim inf |u|→∞ |ψ(u)/u| <∞ = lim sup|u|→∞ |ψ(u)/u|.
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Concluding remarks and further work

It appears that the proof of Conjecture 1 would require a better understanding of the
occupation measure of Xt/t as t → 0:

* If X is abrupt with s1(r) <∞ for all r ∈ R, then Xt/t visits all bounded intervals
immediately after time 0. Number of visits is not the right quantity to determine SE or A!

* The occupation measure T (I ) :=
∫ 1
0 1I (Xt/t)t

−1dt, I ⊂ R, has mean∫ 1
0 P(Xt/t ∈ I )t−1dt which, by Theorem 1, needs to be infinite for X to be SE.

* Our 0–1 law then suggests that T (I ) needs to be infinite (resp. finite) for all bounded
intervals I a.s. for X to be SE (resp. A). (Open problem!)

Having characterised the continuity of C ′, it is also natural to enquire about the modulus of
continuity of C ′ at such points. Upcoming work on this topic!
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[4] Vincent Vigon. “Abrupt Lévy processes”. Stochastic Process. Appl. 103.1 (2003),
pp. 155–168. issn: 0304-4149. doi: 10.1016/S0304-4149(02)00186-2. url:
https://doi.org/10.1016/S0304-4149(02)00186-2.
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