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A sample path of a Lévy process X on the interval [0, T]

Figure:
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Figure: A sample path of a Lévy process X on the interval [0, T] and the

graph of the concave majorant C7 .
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Figure: A sample path of a Lévy process X on the interval [0, T], the
graph of the concave majorant (7 and the time and space position of
the supremum (v7, C+ ).
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@ Let T denote the length of C; over [0, T], then

1<T7/T < (T+2E? - c;(T))/T.

o If E[X1] = 0 and E[|X1|**] < oo for some € > 0, then
T/T —1las. as T — oc.
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@ Let T denote the length of C; over [0, T], then

1<T7/T < (T+2E? - c;(T))/T.

o If E[X1] = 0 and E[|X1|**] < oo for some € > 0, then
T/T —1las. as T — oc.

@ Interested in describing the fluctuations around the
asymptotic mean of C7 .

@ Distributional limit theorems for the centered statistics and
limit dependence.
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Main results (second moment)
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Theorem

Let X = (X¢)t>0 be a Lévy process with Lévy measure v. Assume
E[X1] =0 and 0 == y/E[X?] € (0,00). For T > 0 define
O(T) == 3 [z x?logT(min{T, x*})v(dx).
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Let X = (X¢)t>0 be a Lévy process with Lévy measure v. Assume
E[X1] =0 and 0 == y/E[X?] € (0,00). For T > 0 define
O(T) == 3 [z x?log™(min{T,x*})v(dx). Then, as T — oo:

(T2 T—(0*/2)Hr +O(T) Hr—logT Tr C7(T) )

Viog T VleeT VT VT T
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o standard BM B = (Bt)t>0, B1 = sup;e[o,1) Br and p € [0,1]
a.s. unique time: B, = Bj.

@ Standard normal random variables Z, and Z, are independent,
independent of B.
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Corollary

Under the assumptions of Theorem 1, we have

1 2
W(T?— T—"2|ogT+e(T)> i>\£§022, as T — oo,

where:
@ O(T)=o(log T)
e Z~ N(0,1).

If [ x*log™(|x])/2v(dx) < oo, then ©(T) = o(y/log T), and thus

1 2
W(T?—T—ZIogT) —>£O' 27, as T — oo.
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Domain of attraction

@ Lévy process X is in the domain of attraction of an a-stable
law for some « € (0, 2]
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Domain of attraction

@ Lévy process X is in the domain of attraction of an a-stable
law for some « € (0, 2]

@ Assume the existence of a positive function (a7)7cr,, and an
a-stable Lévy process S, = (Sa(t))teo,1) Such that

Xr/ar LA Sa(1l) as T — oc.

e ar is regular varying with index a € (0,2)\{1}. Therefore, ar
has the form TY|(T), where / is a slowly varying function.
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Stick-breaking process

o Let (¢,)nen be a uniform stick-breaking process on [0, 1] with
stick remainders (Ln)nenuqoy given by an iid-U(0, 1) sequence
(Vn)neN-

e lg=1,¢,=V,lp_1and L,=1L,_1— 4, for n € N.

Ly Ls Ly L Lo=1
Do o —o @ @ o
la l5 ls 21
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Theorem

Assume X is in the domain of attraction of an aw—stable law with
a € (1,2) and E[X1] =0. Then

G CE 7Y

)

T
— (T —T
(aZT( T ) ar ar T

> (38 S A (S0) S i (5))

n=1
as T — oo, where
@ (Yn)nen is a uniform stick-breaking process,

° (Sé")),,eN sequence of independent copies of S,(1),

@ (¢n)nen and (SL(Y"))neN are independent.
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Assume X is in the domain of attraction of the a-stable law S,(1)
for a € (0,1). Define

. (’T? Cr G (T 7?)

art a7- art T ar T
A= (254(1) — sa(l) s o(1), Sa(1),7°7) .
n2 = (Y7 & &7(0) a7
e aT art ’ ’ T

N? = (Sa(1) = 25,(t ) Sa(1), Sa(1),7%7).

Then (A}, AZ) & (AL, A2) jointly as T — oo.
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Main results (a—stable)

Overview

Setting Scaling of Xt Th TF T
a=2 ar = VT 1 V0eg T VT
L<a<2|ayr=TVoI(T) | ToT(T)? | To=L(TY? | TYVI(T)
O<a<1|ar=TV(T)| TV°T) | TY°I(T) | T7°I(T)

Table: The table shows the scaling functions (after centering) in the weak
limits of the lengths T/, TF and T} under the assumptions of the
corresponding theorems with a7 as in definition of domain of attraction.
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Main idea is [2, Thm 12], which for any Lévy process and time
horizon T > 0 imply:

(T7, H, C?( ). Cr.7)
d Z <\/7 Lire,>13,Em & TE IL{£n>0})
=1

o &n =X,y — X7,
e H' is a random variable such that |H7 — H%| is bounded in

[Yas T — oo
@ / is a uniform stick-breaking process independent of X
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A Gaussian approximation theorem for Lévy processes [1]

Theorem

Let X be a Lévy process with EX; = 0 and 0% = EX? € (0,00). If
v # 0, choose k > 1 to satisfy v((—k, k)) € (0,00] and otherwise
set k = 1. Define:

° 02 =02~ fR\(—mﬁ,mﬁ) x2v(dx)

o K(t) = supycr |[P(Xe/Vt < x) — ®(x/0¢)|, for any t >0

o ® denotes the CDF of the standard normal random variable.
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A Gaussian approximation theorem for Lévy processes [1]

Theorem

Let X be a Lévy process with EX; = 0 and 0% = EX? € (0,00). If

v # 0, choose k > 1 to satisfy v((—k, k)) € (0,00] and otherwise
set k = 1. Define:

° 02 =02~ fR\(—mﬁ,mﬁ) x2v(dx)

o K(t) = supycr |[P(Xe/Vt < x) — ®(x/0¢)|, for any t >0
o & denotes the CDF of the standard normal random variable.

Then o K
/ ﬂdt < 00.
1 t
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arXiv link to the paper " Asymptotic shape of the concave majorant
of a Lévy process” on which this presentation is based is available
in the description of this video below.

Thank you for watching!
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