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Let X = (Xt)teo, 7] be a tempered stable process on [0, T].
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Let X = (Xt)teo, 7] be a tempered stable process on [0, T].

Objective: Monte Carlo estimation for functions g(x), where
TT is its time location.
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X = (X7, X7,77), XT = Ssupejo 1] Xt is the path supremum and
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Under the exponential tempered stable model, the stock price
S = (S¢)e>0 is given by S; = Spexp(X:). We have options whose
payoffs depend on the path supremum S+ = Sy exp(X 7).
» Hindsight call option with payoff (S — K)*

» Barrier type options with payoff h(S7)1{S+ > M}
Drawdown-based risk metrics:
» Mean drawdown E[S+ — S7]

» Mean drawdown duration E[T — 77]
> The ulcer index 100\/E[(S7/S7 — 1)2]
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Let A = (A4, A_) € R? be different from the origin 0 = (0,0)
The Lévy triplet (0, vy, by) is given by
va(dx) = e Msmtal¥lp(dx),

v(dx)
d

—ap—1 —a -1
=X T o + o X[ T T T ko

X
by=b +/ x (e M= Xl — 1) p(dx),
(_171)

where b € R, cx > 0 and a4 € [0,2). We stress the dependence
in A, since A = 0 reduces the model to a sum of stable processes.
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Lévy process
Large jumps

This model allows:

» Polynomially arbitrary degree of jump activity (primarily
determined by the small-jumps): o+ € [0,2) and

. . . . . 2
» Exponentially arbitrary tail behaviour: A € R7.

This is why many subclasses are widely used, including the popular
CGMY process.
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There exists a stick-breaking process ¢, (i.e. there are iid

Up ~ U(0,1) such that Lo = T, £, = UpL,_1, and L, = L, 1 — ;)
)_<T n YLrnfl o YLm
Xr | =)

T

such that for any n € N there exists Y ILZ with Y £ X and
(Y, = Yi)"

YL,
+ Yi,
m=1 ElemelfyLm>0 TLn(Y)
The SB approximation is
XT n YL,,,,l - YL,,, Y[_n
x=| Xr | => | 0.~ v.)" |+ Y,
T m=1\ Lmly, v, >0 Laly, >0
=] =l = = = Qe
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The error of the SB approximation is geometrically
small [GCMUB21], of order O(n~") for
n=1+min{l,1/a} € [3/2,2].

The problem: we generally cannot sample the increments exactly!
The solution: change of measure!

The downside: variance inflation.

The variance inflation is related to the coefficient
= /R (e_Asgn(X)lxl — 14 Aggn() x| - ]1(_1’1)(x))1/(dx),

in the change-of-measure formula.

o = - D QA C
; ;
Monte Carlo for tempered stable extrema




The problem Tempered stable processes Stick-Breaking Algorithm Numerical examples References
000 [e]e) [e]e] o] 00
: :

TSB-Alg

Unbiased simulation of g(xn)
Require: Parameters A € R2 \ {0}, b, c+ and « € (0,1), time horizon T > 0,
test function g, approximation level n € N

: Set Lo := T and compute px

for k=1,...,ndo
Sample Uy ~ U(0,1) and put Ly := UxLk—1 and £y := Lx—1 — L
Sample £ ~ F® (4, -) and put & := & + £ + b

end for

Sample ¢ ~ F®(L,,-) and put ¢y := ¢ 4+ ¢ + Lab

Set xn 1= ,_ 1(6k max{€, 0}, Ll g, 0p) + (Cno max{Co, O, LnT (¢, >03)

D Set Y =P 4+ 300 &7

. return g(x,,) exp(—A+ Y”) +A_YE) —paT)

LoNaRWNH

where F®(t,-) and F)(t,-) are the laws of some (explicitly known) spectrally
positive (resp. negative) a-stable process.
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Eg(x) — 7 r18(x))]

< [Eg(x) — Eg(xn)| + [Eg(xn) — £ 18(xh)]
B(n)

MCa(N)
For the SB approximation of X and Lipschitz g:

» Bias decays geometrically B(n) = O(n") for
n=1+min{l,1/a} €[3/2,2]

> (For fixed n) Monte-Carlo decay: MC,(N) = O(N—1/?)
» Computational cost of precision € > 0 is

nx N o |log(e)le
:
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Maturity: 30 days 90 days
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Solid lines indicate the estimated value of Eg(x,) for the USD/JPY currency
pair and the function g(x) = max{St — K,0}1{S+ < M} using N = 10°
samples with T € {25, 20}, K = 95 and M = 102. Dotted lines (the
symmetric bands around each solid line) indicate the confidence interval of the
estimates with confidence level 95%. These confidence intervals are very tight,

making them hard to discern in the plot.
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Solid lines indicate the estimated value of the ulcer index (Ul) 1001/Eg(xn)
using N = 10" samples, where g(x) = (S7/St — 1)?. Dotted lines (the bands
around each solid line) indicate the confidence interval of the estimates with
confidence level 95%.
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