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The concave majorant of any Lévy process X [CM21b]
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We use a characterisation [CM21b] of the /aw of concave majorant
C¥X of X as a piecewise linear concave function.


https://arxiv.org/abs/2105.15060
https://www.youtube.com/watch?v=hEg4YmxOgXA&

The concave majorant of any Lévy process X [CM21b]
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We use a characterisation [CM21b] of the /aw of concave majorant
C¥X of X as a piecewise linear concave function.

[CM21b] available at arXiv and explained in video on this channel.


https://arxiv.org/abs/2105.15060
https://www.youtube.com/watch?v=hEg4YmxOgXA&

Extrema of a Lévy process X at a fixed time T

Theorem
Let X be independent of stick-breaking process { on [0, T], ie for
jid Uy ~ U(0,1), Lo=T, Ly =Ly 1Up, lp =Ly 1 — L, for n € N:
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Let X7 = supejo 71 Xt and Tt the time X is attained. Then

(XT7YT7?T) < Z(&n; max{éna 0}7€n]]‘{£n>0})’

n=1

where, given (, £, = X, , — Xy, ~ F(n,-) are independent for
n € N (here we denote F(t,dx) = P(X; € dx) for
(t,x) € (0,00) x R).
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Extrema of a Lévy process X at a fixed time T

Theorem
Let X be independent of stick-breaking process ¢ on [0, T], ie for
iid Uy ~U(0,1), Lo=T, Ln=Lp-1Upn, = Ln1— L, forne N:
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Let X7 = SUP¢e[0,T] X; and Tt the time X1 is attained. Then

[e.e]

(XT,YTv?T) g Z(gn’ max{fn, 0}? g”:u'{fn>0})7

n=1

where, given (, £, ~ F({p,-) are independent for n € N (here we
denote F(t,dx) = P(X; € dx) for (t,x) € (0,00) x R).



SB-Algorithm (SB-Alg)

Stick-breaking approx. of x := > 724 (n, max{&,, 0}, £n1ie,0y) is
defined by

Xn = (XLn7 Xi:u Ln:[]-{XLn>O}) + Z(Eka max{fk, 0}7 ék:ﬂ_{gk>o}).
k=1



SB-Algorithm (SB-Alg)

Stick-breaking approx. of x := > 724 (n, max{&,, 0}, £n1ie,0y) is
defined by

Xn = (XLn7 Xl:a Ln:H-{XLn>O}) + Z(gka max{§k7 0}7 gk:ﬂ-{ﬁk>0})'
k=1

Simulation of the stick-breaking approximation via SB-Alg:

Require: Time horizon T > 0 and number of steps n € N

1: Set \g =T, Xy = (0,0, 0)

2. fork=1,...,ndo

3 Sample Vg ~ U(O7 1), put Ay = v and A = A1 — Mg
4: Sample & ~ F(Ax, "), put X = Xeo1 + (§. &, Mg, >01)
5: Sample ¢, ~ F(Ap, ) and
6: return X, + (sp, s, Apls, > 0)



Properties of SB-Alg

The recursive structure of the SB-process yields:

Theorem
The error (0, Ap, 6,) := X — Xn Of Xn Satisfies
(Bn, ) £ (X1, — X0, 71,(X) = Lol ix,, >0)).
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Properties of SB-Alg

The recursive structure of the SB-process yields:
Theorem
The error (0, Ap, 6,) := X — Xn Of Xn Satisfies
d ~ _
(An,0n) = (X1, = X1, T1,(X) — Lalx, >03)-

Geometrically small!

» We have |0,| < L, with E[(L,)P] < (1+p) " forp>0

> E[|An]P] = O(np) for some 7, € [1/2,2/3] for every p > 1
(np depends on the Blumenthal-Getoor index)

> If X is in the domain of attraction of a stable process:
Xe/at % S ast— 0, then the pair (An/a(Ln),0n/Ln)
converges weakly as n — oo

» The bias and level variances (for MLMC) can be controlled
and converge geometrically fast to 0



Monte Carlo complexity of SB-Alg

The complexity of Monte Carlo estimators of certain functions of
interest of (X7, X7,77) is of order O(¢ 2 loge).
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Monte Carlo complexity of SB-Alg

The complexity of Monte Carlo estimators of certain functions of
interest of (X7, X7,77) is of order O(¢ 2 loge).

For multilevel Monte Carlo (simple coupling!), the complexity is
optimal: O(e~2).

These complexities apply to the following functions:
» Lipschitz

» Locally Lipschitz (Lipschitz in the exponential Lévy process)

» Discontinuous functions (including barrier options)

We have a CLT, so we can construct asymptotic and
non-asymptotic confidence intervals!



Numerical comparison: SB-Alg vs RW approximation

Let X have characteristics (b, 02, v) with v(x) ~ c|x| 2% as x — 0
and v(x) = O(e"V2\¥)) as x| = oco.
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Pricing of the barrier up-and-out call: g(X) = (St — K)+1§T<M

— RWA Eg()”{(zn))
—— SBA Eg(X,)
— True value Eg(X)

.

Parameters: (a,~, A, 0, b, So, K, M) = (.75, .1, 4, .05, —.05, 2, 3, 5)
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